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Introduction 


Let us start with a simple (?) question. In a chess tournament there are n 
players who play eliminatory games until only one winner remains. Thus, in 
the first round, the players are arbitrarily playing games (chosen by drawing 
lots), and only the winners of these games go to the second round. If the 
number of players is odd there is one player staying aside, but he/she (and 
all winners) will take part to the drawing for the second round. The process 
repeats in the second and all the following rounds until, as we said, finally, 
only one winner remains (and he is declared the winner of the championship). 
The question is: how many games are necessary in order to establish the 
champion? 

Well, you might need a moment of thinking, and we strongly advise you to 
take it (or, maybe, you already got the answer, which is great). You will 
immediately see that if n = 2™ is a power of 2, then in the first round there 
are 27-1 games (and 27^! winners from these games accede to the second 
round), and the process goes on and on so that there will be 2777 games in 
the jth round. The total number of games will then be 


Onbclgp ames dung gps. cpm 


Although we cannot quite use this reasoning in the general case, the answer 
n — 1 is correct for each and every value of n, because in each game precisely 
one player is eliminated and, in order to arrive to the situation when only 
one player still stands, n — 1 players must be eliminated, so, n — 1 games are 
needed to see who the champion is. 

The problem is solved, but we won't stop here. This is because the reasoning 
in the particular case of n = 2” furnishes a hint for the general case. Namely, 
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in the first round the number of games is k if n = 2k is an even number, and 
it is also k if n = 2k + 1 is odd (and a player is forced — also by drawing, to 
make the competition fair — to stay aside). This number can be expressed (for 
both cases of even and odd n) as |n/2| where |x| denotes the integer part of 
x (or the floor function of x) - the largest integer which is not greater than x 
(that is, |x| = p if and only if p is the only integer such that p € x < p + 1). 
Thus in the first round there are |n/2| games and in the second round 


mana l 


players participate. Then the same pattern repeats: |n2/2| games are played 
in the second round, and 
n 
mom [2 


2 
players enter the third round, and so on. Thus, if we define the function f by 


T 


f(a) -«- 5] 


the total number of games played is 


nı n2 
Pe 

where the sequence (nk)k>1 is defined by nı = n and the recurrence nj = 
f(nk-1) for every k > 2. One can easily see that, starting with every positive 
integer n the terms of the sequence (nk)k>ı eventually become equal to 1, 
because this is a sequence of positive integers that strictly decreases as long 
as its terms are greater than 1 (and thus, at some moment, a term equals 1, 
and then all the terms that follow are also equal to 1). Thus the above sum 
is actually a finite one (as we have already seen in the particular case of n 
being a power of 2), as the integer parts |n;/2| are 0 as soon as nz becomes 
1. Actually, we can find a formula for ng, namely 


[nmn 
MI [e| | 
where the ceiling function of the real number zx is defined by [x] = q if and 
only if q is the unique integer such that q — 1 < xz < q, and this formula 
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allows us to see that nz, becomes 1 as soon as 2%71 > n (and the first such k 
is logo n] + 1) — but this is not our point of interest here. Nevertheless, we 
are interested in the fact that 
21*[2] 
duin Mia e.. =N — l, 
2]*l2]* 


since we know now that the total number of games is n — 1. For instance, with 
ni =n= 7, we have 


n9 = N1 — EJ ese 
n3 = N2 — EJ = 4-22 = 2, 
n4 = 13 — EI =2-—-1=1, 
2 
and, consequently, n; = 1 for all k > 4. Thus the number of games measured 


as a sum is 


atitikti 


Of course, this is 3+2 + 1 = 6 and corresponds to the result 7 — 1 given by 
the (let us call it) global reasoning from the beginning. 
To summarize: we defined a function 


fa s- l 


and a sequence (nk)k>1 Starting with some arbitrary positive integer n; = n 
and satisfying the recurrence relation nz = f (nj 1) for k > 2, and we obtained 


BI euni 


This may be a somehow unexpected equation (although it is very clear in the 
particular case n = 2™) and illustrates a simple principle in mathematics: do 
something in two different ways (in this case “do something” is “count” ), then 
equate the two results (they must be equal, because, in the end, they represent 
the same thing — in our case the total number of games). You will be amazed 
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of what can be obtained by using this very simple (because fundamental) 
principle. 

Anyway, it is not our purpose here to examine such reasonings. Instead, we are 
dealing throughout this book with sums and products (as the title says). Sums 
and products are everywhere in mathematics. Probably the first matters that 
a man (usually a child) learns in mathematics are addition and multiplication 
(of natural numbers, then of integers, and so on) - operations for which the 
results are called sum and product respectively. Clearly, we do not intend 
to take it all from zero, but rather we will try to calculate as many sums as 
possible of the form 


n 
S aj = a, +42 d i + an 
k=l 


and products of the form 


n 
] | ak = aiaz- - -an 
k=1 


(that is, sums and products of an arbitrary number of terms, respectively 
factors). Also, we will enter a little in the more advanced topic of infinite 
sums and products, defined as limits of corresponding finite partial sums and 


products, respectively: 
OO TL 
Y dim Soa 


and 
OO n 
I] Gy, = lim ll Ak. 
T,— OO 
k=1 k=1 


We assume the reader to be familiar with the basic concepts of limit (and to 
have the knowledge of elementary limits), and (more rarely) of derivative and 
Riemann integral. There are, however, only few examples of this kind, and the 
reader who is not familiar with these concepts can skip them without losing 
the rest of the book. This clearly means that we expect the reader to know 
basic arithmetic, algebra, and trigonometry (complex numbers in algebraic 
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and trigonometric form included). Also, some combinatorial problems, and a 
few problems of number theory will be encountered. 

Thus, we hope the reader understands a few basic properties of the symbols 
defined above, such as 


nr 
S (ak + br) = Yom ody 
kel 


or, more generally, 


TL 


3 (aar + bk) = aS dy +BY dr, 


where all of a, 8, ax, and by are (in general) complex numbers, with a and 8 
being, of course, independent of k — the so called index of summation. By the 
way, this index can (in the same problem, or along the same computation) be 
denoted by different letters; thus 


TL n n n 
N a=) a or [La 2 [[«. 
k=1 l=1 i=1 j=l 
We also have 
n 
Da- 22 Y ay, and [a= [ae I] Ak 
k—m-4-1 k=1 k—m41 
for 1 < m < n. Maybe wording this as 
TL m i n n m n 
Das (Sree) +/( n a] and I= (Ie) -( I] a 
k=1 k=1 k=m+1 k=1 k=1 k=m+1 


would be more accurate, but we prefer the first form, apart from the situation 
when we desperately need to avoid confusion. 

All the above are clear consequences of the properties of addition and mul- 
tiplication (commutativity, associativity, distributivity of multiplication over 
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addition). The same is true for 


n 


b b 
3 (bua — by) = bn+1 — b1 and ES Frl a 
k=1 pana OF ! 


Understanding these equalities and learning to work with them (or with similar 
ones) is very important because they represent a powerful tool for evaluating 
sums and products with an arbitrary number of terms. More precisely, when 
we have to calculate a sum : 

3 Qk, 

k=1 


expressing the general term a, in the form 
ak = bk+1 — bk 


is very effective, due to the above formula: the numerous cancellations allow 
us to find a simple closed formula for the given sum. We call such a sum 
telescopic (or we say that the sum telescopes, etc.). This is because we can 
write 


20 = x bk+1 — bk) = —b1 — b2 — +++ — bn + bo +: b bua = bn41 — b1- 
k=1 
—" of the simplest examples is the one that appeared in the beginning, namely 


n 
142+ +2 1 =) 291 


Thus we have ap = 2571 = 2* — 25-1 = by, — by for k = 1,2,...,n, and we 
can consider bj = 2*-! (the bj, appear here to be equal to the ax; of course, 
this does not usually happen). Consequently, 


n n 


1-246 +2 =} ok! E E 


k=1 k=1 

TL 

zi bk+1 — bk) = bn+1 — bn 
k=1 


ED 
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Throughout the book we will simply write this as 


n 


» 271 = y^ oM oet —9^n..]. 
k=1 


k=1 


As we said, we expect the reader to be familiar with some simple computations 

(and we think that this first sum that we just evaluated does not represent a 

mystery for our readers; we just used it as an example). Also, we hope that 

E fact that we replaced m by n does not represent an issue (the formula 
TU 


2 2F-! — 2" _ 1 is the same as 2. 2-1 — 2" _ 1, isn’t it?). We preferred n 


t6 bé more in the vein of what we ask discussed about telescoping sums. Yet 
another simple example is the sum of the first n odd positive integers, that is 


n 
14+3+---+(2n-1), or Y Qk-1) 
k=1 
Can you see the telescope? We have 
n n 
N (2k-1)=¢_ (K -(k-1?) 2m -0 =n’, 
k=1 k=1 


yielding a beautiful formula: the sum of the first n odd positive integers equals 
the square of n. In order to do this computation you only need to know the 
elementary algebraic formulae 


(a+b)? = a? + 2ab+ V^. 
More specific, we need (k — 1)? = k? — 2k +1, but we use it in the form 
2k — 1 = k? — (k — 1)". 


This is the main difficulty when we try to evaluate a sum (or a product) by 
the telescoping method: how to find the numbers bg? Of course, this depends 
on the skills and the experience of each solver. If one can find a closed form for 
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a sum, then it is always possible to evaluate that sum by telescoping. Indeed, 


if we have 
TV 
>t = 
k=1 


for any positive integer n, then we also have 


n n—1 
an = S ak- X Ab = Sn — $41 
k=1 k=1 


for any n (where we define Sp = 0). Thus we have ag = 5,41 — bk for by = Sy. 4. 
So, if we have the result, we can also telescope (but we prefer to be able to 
find the telescope ourselves). For instance, we have the (again well-known) 
identity 

n(n + 1) 


TL 
3 k=14+2+ e +n= 
k=1 


It is often said that, asked — when he was a little boy — by his teacher to sum 
the first 100 positive integers, Gauss did the job immediately, to the great 
surprise of the teacher, who had no idea about this method. His approach 
uses again fundamental properties of addition. First, we have 


TL TL 
) ak = p» Qn —k4-1 
k=1 k=1 


(since addition is commutative, we can reverse the order of summation), then 


TL 


Soe = 5 (x ar + >> one =X 5 (ak + an—k+1) 
k-1 k-1 k-1 


k=1 


(because if A = B, then A = (A+ B)/2, too). In our case, 


WA - era 
; 





n 
(k+n-k+1)= ` 
k=1 k=1 k=1 


" 
| 
E 
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n 
(Note that, in general, ` a = na when a does not depend on the summation 
k=1 


index; for example, Y L= n: 
k=1 

Basically, Gauss observed that the sums of the kth term and (n — k + 1)th 
term of the given sum are all equal (to n+ 1), and he paired terms having the 
same sum. This can be done in general for an arithmetic progression (an)n>1 
(that is, a sequence for which the differences a44; — ak are all equal to the 
same number d, called the common difference of the progression) in order to 
get the sum of the first n terms; as above, we have 


Q1 + an n(2a4 + (n — 1)d 
3-1 idu dtes MM 
k=1 


because ak + Gn—k41 = Q1 + Gn for every k = 1,2,...,n. Note that if we use 
the formula a, = a; + (k — 1)d for the general term of the progression (with 
d the common difference) and the above formula for the sum of the first n 
(actually, here, the first n — 1) positive integers, we can also evaluate this sum 
as 


2 Dia +e -Jata Dl — 1) MIR Cid Ung 
k=1 


Going back to Gauss’s sum, now that we have the formula, we can also prove 
it by mathematical induction. To verify it for n = 1 is immediate, so we still 
need to show that if it is true for n, then it also works for n + 1. Indeed, if 


n 
Yesin ED, 
k=1 
then 
n+1 n 
k=) kc(nc-1)— (14-24 n) (n4 1) 

kl Kl 

n(n + 1) (n+ 1)(n 4- 2) 


= + (n+1)= 


2 2 
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Also, we can prove it by telescoping: 
n n 
k(k+1 k—1)k 1 
E> (A+1) ( )k\ _ n(n +1) 
2 2 2 
k=1 k=1 
Another famous example is the sum of a geometric progression 


N 
Saltet peque a 


n=0 


If x Z 1, we can find a telescope by first multiplying through by 1 — x giving 


N N 
(l-a)S= ~a Sg em DD rt) = nog m 
n—0 n=0 
and hence "M 
jus 
Dese 
1-2 


(Of course we could have also telescoped by noting that x" = E- — ia .) 


A few other simple telescoping sums include (think for yourself before reading 
the solution) 





TL 


S kek = Y (11 — e) = (n 1)! - 1, 
k=1 


k=1 


or 
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(Notice the beautiful result 


2 
n n 
SB = n e 1? 4-2? 4L... En? =(1424+---+n)’, 
k=1 k=1 


which is a rarity in the world of sums of powers of the first n integers.) 
Also we have 
k 7 E \(kK+2) (k—1)k(k4+1) n(n +1)(n + 2) 
k(k + 1) E uu c cU M its e c AM BR 
DOEDD G p 


k+1 k=1 


which permits us to evaluate 


SK = Sa (k +1) Ax. 
k=1 k=1 


k=1 
n(n+1)(n+2)  n(n+1) 
3 2 
. (n 4- 1)(2n —- 1) 
6 


It would be hard to notice that this sum can be telescoped by using 


k(k+1)(2k +1) (k- 1)kQk- 1) 


k’ = 
6 6 | 


wouldn't it? 
Now let us find a closed form for the (very important, as we will see) sum 


= : (iv 
k=0 


where x is an arbitrary number, and the binomial coefficients o) are defined 
by 

n\ — n! |. m(n — 1) (n — k 1) 

k)  k(n—kM | k! 
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for integers n > k > 0. One also calls (2) "n choose k” because this number 


counts all possibilities of arbitrarily choosing k objects from n given objects, 
disregarding their order. The equality 


ni  (n—l n-—1 
ORD 
can be immediately verified for integers n and k with 1 < k < n — 1 by direct 
computation. It is called the recursive formula of the binomial coefficients. 
Sometimes we will use the convention a = 0 for k > n, or for k < 0; with 
this in mind the recursive formula holds for k = 0 and for k = n, too. 
Using the equality 0! = 1 (again, a convention) one finds immediately So = 1 
(and S, = 1 + z, and S2 = 1 + 2x + z? = (1 + z)?). Then we have, for n > 2, 


s-sa EO- C) 
E Die 


k= 
m 
joS 2 


=2"+2(S,1-—2" *) = 2¢S,_1, 


3 


g” 


+ 
8 


| 
8 
3 
+ 
8 
Non 


that is, 
= (1 + 3) zd. 


(Notice the changing of the summation index with k — 1 = j; when k runs 
from 1 to n — 1, j runs from 0 to n — 2.) This leads to 


n n " TL S, n " 
= n ~= = 1 I 
ye (Je S lis; Ii +2) =(1+2) 


k=0 





(see below how to telescope a product; do not forget Sp = 1). Or, if we want 
to avoid the situation when some $5; is zero, we just use induction based on 
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the recurrence formula that we found. Induction can also be used if we add 
all equalities Sọ — S51 = xS,_1 for k = 1,2,...,n in order to get 
TU n 
$4, —-1- N (S. — Spi) = EY Ski 
k=1 k=1 
hence another recurrence relation for the sums Sp: 


Sn —1-z($94 Si +: + Sna), n 2 LI. 


Note that if we replace z = b in the formula Sp = (1 + x)” and then multiply 
by a” we find the binomial formula (or theorem) for the expansion of the 
binomial a + b raised to the nth power: 


n 

a +b)” = (x) a pt. 

(a + b) 2. k 
which clearly holds for a = 0, too, although a = 0 is not allowed when con- 
sidering x = 2. The appearance of the numbers (7) in the binomial formula 
explains why they are called binomial coefficients. 
Again, we used the telescoping method (for a product, or for a sum) in a 
way that seems not to be very obvious. That is why we tried to illustrate 
a few more methods for evaluating sums, as induction and the use of simple 
algebraic rules. We will see other sums (some more general than some of those 
presented above) and other methods in the following chapters of the book. 
Before we go on, we give a few more examples; we have 


TL 


- 1 1 1 
Mun) PCM 
— k(k +1) ai \k k+l n+1 n+1 





and 
Ti 


P WERDE )(k +2) =3> 5 ^ro) 


E 


1 1 
E ~ Tita ry) 
|... n(n-3) 
— 4(n 4- 1)(n - 2) 
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And here is our first example of infinite sum: 


OO n 1 1 
li — = 
Laa DL Weg eres! ( —) 1 


=f 





Please verify that 





OD aca msn 
k(k--1) m n+1 zio 
k—m 


= 1 
2. k(k+1) m’ 
and that 
P orbi 
— k(k + 1)(k +2) (04 
What is the value of 
_ t 4, 
— k(k+1)(k +2) 


Notice also that we used a slightly different (but not essentially different) 
telescoping formula, namely 


n 
X (bs — beta) = bi — nyt. 
k=1 


There are, of course, many possibilities for telescoping. For example, check 
that 


n 
S bk — bk+2) = b1 + b2 — bn+1 — bn42. 
k=1 


Finally in this introduction we will see a few products that telescope. 
n 


For telescoping a product I] a, we would like to have aj, = by41/bx for every 
k=1 
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k = 1,2,...,n, with nonzero numbers b1, bo,...,6,, then use the formula that 
we have already seen 
n ay 
I ak = p = 
k=1 


Of course, in some PEE we can also use 


n 





bail 


or other similar formulae. 
We have, for example, 


n n 
(+z) I rt 


— 


where aj = 1 + 1/k and by = k for all k. Also 


ieee ee 
k) | k |n 


k=2 k=2 


(if we allow k = 1, the product is trivially 0, because its first factor is 0), and, 


consequently, 
a 1 z 1 1 
[T (17 ;) =m (1-1) = im 7 =0. 
» k n—oo = k noo T, 
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yielding 

r1 xdi rad 

I-3)72 

We invite the reader who is less familiar to the material to do all the compu- 
tations that we omit as being “evident”, or “obvious”, or “clear” and so on 
(and, in general, to do all the computations). Also, we strongly advise the 


reader to repeat things (which we will also do, from time to time). 
A very interesting example for the beginners is 


OQ 

1 
I3). 
k=1 a 


where a is a real (or even complex) number of absolute value greater than 1 
(therefore a is nonzero). 
Of course, we look first at the finite case 


n 

1 
I] (1+ 3) 
k—1 


Again, a simple formula is of real help, namely a? — b? = (a — b)(a +b) but we 
use it in à particular case, and in a slightly different form, more precisely we 
use 





1— oa? 
l+a= 1 a a X 1. 
Thus we have 
1 1 
n n l— -—— | taches 
1 a?^*! qett 
I (1*3) - 09 - 
k=1 k=1 Pese Fer 
a a 


Now we see why the condition |a| > 1 is given: it ensures |1/a| < 1, hence 


Ly? 
lim (i) — 0 
noo a 
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whenever (z5)5»1 is a sequence of real numbers with limit oo. In particular 





1 1 
IT 1 | Q2 1 a? 
a? noo 1 1 a“ — 1 
k=1 ]— — Ler 
a? a 


We end this introductory part with a question related to the problem from 


which we started. For i 


f)-s- [5 


and n; defined by n; = n (an arbitrary positive integer) and ny = f (nj) for 
k > 2 we have seen that 


Be [gen 


Can we compute this sum by telescoping? (The answer is yes. So, find how.) 
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Telescoping Sums and. 
Products in Algebra 


One of the most useful techniques for computing sums and products is the use 
of the identity 


(a9 — a1) + (a3 — a2) +--+ + (Qn41 — an) = Qn41 — 01; 


valid for any complex numbers a1,...,a4. Therefore, if we need to compute a 
n 


sum >. bk, we might try to find numbers aj,...,@n+41 such that 
k=1 


bı = a2 — a1, b2 = a3 — a2,..., bn = An41 — An 


and then apply the previous identity to deduce that the sum we are looking 
for is simply an+ı — a1. If we can do that, we say that the sum is telescopic, 
or that it telescopes (as shown in the introduction). Finding the numbers 
G1,...,@n is the hard part of the game and lots of practice is certainly helpful! 
Note that it is always possible to find aj,...,@n41 as above, namely choose 
a, = 0, then a» = by, a3 = bı + 09,..., Qn41 = b1 4: +bn. Of course, this is 
not very satisfying for our needs... 

Let us start with a few classical examples. You certainly know the following 
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identities 
n " m 1 
k=1 
» _ n(n + 1)(2n + D. 
k=1 p 
Soe = na ath 


Ti n n 
What about p» k^, or ` k?. or more generally ` k with N a given positive 


k=1 k=l k=1 
integer? It turns out that one can actually find similar formulae for these sums, 


but the formulae become fairly complicated when N is large. The key idea is 
the use of the binomial theorem in the form 


(k4-1) t1 gc (Yra ("E e D» Jenn 


Thus, adding these relations for k — 1,2,...,n yields (you see the telescope, 
don't you?) 


N41 
ne) -1- ( P aN +28 essen?) 


N +1\ y- 7 z 
«( ; Ja PH 2N71 e pn INT) eee 


N+1 
«( : Jae2* men 


This shows that if we can compute 17 + 22 - -.. -- n/ for 7 = 1,2,..., N — 1, 


then we can also compute it for 7 = N. For instance, take N = 1, then the 
previous identity becomes 


(n+1)? -1=2(14+2+---+n)+n, 
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and a simple algebraic manipulation shows that this recovers the classical 
formula, ; 
14+2+.---4+n= m 
Next, take N = 2, then we obtain 
(n 1) —123(1? +- n?) -3(1 724-0) n, 
in other words 


(n+1)? —1—3(1+2+---+n)—-n 
3 
1 
nts? tin- FOID p 
3 
o 2n? + 6n? + 6n — 3n? — 3n — 2n 
a 
2n?+3n?+n — n(2n?+3n+1) 
6 7 6 
n(n + 1)(2n + 1) 
ae 


4... +n? = 


Example 1.1. Prove that 


Ya n(n + 1)(2n + 1) (3n? + 3n — 1) 
30 


Solution. From the binomial theorem we have 
(k +1)? — k? = 5k* + 10k? + 10k? + 5k + 1, 
thus it follows that 


SOK HOD HO 9453 BED 1 = Y ((k--1)9 —k9) = (n4-1)5—1. 


k=1 k=1 k=1 


Hence 


n^ 
5 3 k^ = (n+1)°—10. 
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yielding 
Yu n(n + 1)(2n + 1) (3n? + 3n — 1) 
30 l 


Example 1.2. (IMO Longlist 1977) Evaluate 


DEDE -(k+p—1), 


where n and p are positive integers. 


Solution. We have 


eae -(k+p)—(k—-1)k---(k+p-—1) 


k(k+1)--(k+p—1)= 
3 i i pl 


k=1 
Onati) (ntp) 
pti 


For example 
n 
1 2 
Skk +1) _ n(n+1)(n+2) 
3 
(as we already have seen in the introduction) and 


n(n + 1)(n + 2)(n + 3) 


TL 
3 k(k+1)(k +2) = ; 
k=1 


Example 1.3. For positive integers n and p > 2 evaluate 


Luxe pce 


Solution. We have 


TL 


Yu 1 
cc Ker (Kk -- p — 1) "dae E TRUE. 
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E a 1 1 
"GEDANKEN 


NE ( 1 1 
|». p-1\(p-1)! (n4+1)---(n+p—1)) 7 
For instance, 





z 1 
gei 
i k(k + 1) n+1 


and 


k 1/1 1 
2 WERDE )(k + 2) =5(5- maaan): 


Example 1.4. (IMO Longlist 1970) For even positive integer n, prove that 





i i e j 

=| itl. _9 
D ) 1 25x 
41=1 4=1 


Solution. Induction on n works. It is easy to verify the case n = 2, so assume 
the result is true for some even natural number n. Then 








n+2 1 1 1 n 1 
ajh E eal ye Pe 
Sco ba he ay 


and by the inductive assumption, this will be equal to 











1 1 j 2 19 1 ii 1 
n+1 n+2 n+2 n+A4 ntn)- 
Since | 
1 " 1 ^ 1 " 1 
n+1 n-42  \(n+2)+n (n+2)+(n+2) 
n42 
the sum becomes 2 D 2i which finishes the proof. 


The next example LM factorials. 
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Example 1.5. Evaluate 
122? 8) een? (a 1)! 
Solution. We try to find numbers a; such that 
k*(k +1)! = apy, -ak forl <k <n. 


It is natural to look for az of the form aj, = k!b; for some number bg. Indeed, 
the previous relation becomes then the much easier 


k*(k +1) = (k + 1)bk41 — by. 


Next, we try to find by of the form bj = P(k) for some polynomial P. Thus 
we ask that 

k^(k +1) — (k 4- 1)P(k 4- 1) — P(k). 
If we are lucky, the previous equality holds for all integers k and so, by con- 
sidering degrees P must be quadratic and monic, say 


P(X) — X* +cX +d. 
Plugging in the previous relation yields 
k^(k -- 1) = (k+1)((k +1)? -- e(k +1) +d) — k’ — ck — d. 
Identifying coefficients easily yields c = —1 and d = —2. Thus 


e k?(k +1)! = Sik 4 1) +1)? — (k + 1) - 2) — kk? — k —2)] 
k=1 k=1 

= (n4-2)(n — 1)(n + 1)! - (1 + 1)(1 — 2)1! 

= (n — 1)(n 4- 2) 4- 2. 


This example illustrates an extremely important technique for finding tele- 
Scoping sums and products. We did not immediately see the correct formula, 
so instead we guessed what the form of the answer might look like. Since we 
weren't sure of the exact form, we guessed a form with some undetermined 
parameters (in this case, the degree of P and its coefficients). We then used 
the fact that we wanted the sum to telescope to let us solve for these parame- 
ters. Since we guessed the correct form, we were successful and we solved the 
problem. 
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Example 1.6. Evaluate 


TL 


3 RB +k +1). 


k=1 


Solution. We try to write 
k!(k? +k+1) = ak41 — ak 


for some numbers az. To get rid of k!, let us choose a, = k!by for some 
numbers bg that we still have to find. Then 


Qk41 — ak = (k + 1)!bk+1 — k!bp = k!((k + 1)bk+1 — bx), 
so we need 
(k+ 1)b 1 — bk = k^ +k +1. 


But there is an obvious choice: set bj, = k for all k. Thus we can take a; = k-k! 
and the desired sum telescopes nicely: 


y ug? +k+1)= Sk +1)(k +1) — k!k| = (n+ 1)!(n 4 1) — 1. 
k=1 k=1 


Example 1.7. Evaluate 


Solution. First, observe that 


1 


(k3 =k)? KENk—12 k2(k +1)?’ 
Now the series telescopes as 
1 
n+ z 


D ee ee: M 
A. -ky 8 mnt IP 


TL 
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Example 1.8. Compute 
1.3! 2-4 n-(n+2)! 
4+ 


"um Uer e 3n 
Solution. Observe that 


k(k--2)!  (k43—3)(k-4-2) — (kd 3)(k 4-2) — 3(k +2)! 








3k z 3k — 3k 
— (kx 3) —3(k--2) (ko 3)! (k + 2)! 
= 3k — 3k | 8k-1 


We obtain therefore a telescoping sum 


ne EM -5 (! r3) ) (kr2!| (m-3! 3 ^ (n*3! |, 
3k-1 m 3n 30 3n i 














k=1 


Example 1.9. Evaluate 


» 4k + V Ak? — 1 
— J2k+14+ V2k-1 


Solution. This problem requires some algebraic skills. To simplify the for- 


mulae let us denote 
=V2k+1, b= V2k—-1. 


Then 2k + 1 =a? and 2k — 1 = b^, so that 4k = a? + b? and 4k? — 1 = a7b?. 
Thus 





a® — b’ 
Ak + V4k? — 1 a? +b? + ab aœ +ab+b | a—b | a -p 
Vok4-1-—V9k-1 a+b — a+b a+b  a2—WE 
Since 
a? — b^ = (2k + 1) — (2k — 1) = 2, 
we obtain 





4k + VAk? 1. — a-b — J(2k--1) — J/(2k — 1)? 
J2k+14+V2k-1 2 © 2 | 
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Telescoping, we find 


» 4k+VJ/4k2-1 — (2n 193-1 
c Jtk+1+V2k—1 | 2 | 


Example 1.10. Evaluate the sum 


J 92 93 on+1 
S41 pi garl ee 


Solution. We know that 














Do e E OS T 1 , 1 
atl ał-1  &@2-1 2\a+1 a-1?’ 


which implies 
1 1 1 


a-1 2a—1) -1 





NI | 


Applying this identity with a = 32° we obtain 
1 1 1 


2(324^ +1) 2(327-1) 3?"-1 


Multiplying this by 2**?, we obtain the relation 


ok+1 ok+1 ok-r2 


311 3*1 37L] 


Thus 
9 92 93 on-cl n ok+1 ok+2 
o9n2 
= ] — ——Má— —, 
gon um 1 


and we are done. 
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Example 1.11. Evaluate 


3 Ak 
—L. 
— Ak* 1 


Solution. The key ingredient in solving this problem is realizing that the 
denominator factors rather nicely. Indeed, 


Akt +1 = 4k* + AK? -- 1 — AK? = (2k? + 1)? — (2k)? 
= (2k? — 2k + 1) (2k? + 2k + 1). 


On the other hand, we observe that the numerator 4k is simply the difference 
between 2k? + 2k + 1 and 2k? — 2k + 1. Therefore 


P eH 2» (2k? + 2k + 1) — (2k? — 2k +1) 
mE +1 (2k? + 2k + 1) (2k? — 2k + 1) 


- 1 1 
a mn) 


We almost have a telescopic sum: letting a, = 2k? — 2k + 1, the only extra 
observation we need is that 


Ik + 2k +1 = apa. 
Indeed, a, = 2k(k — 1) + 1 so 
ak+1 = 2(k + 1)k +1 = 2k? 4 2k + 1, 


as desired. Therefore we have a telescopic sum 


n TL 
Dg c ee "NM 
art oor ear 2k? —2k+1 2(k+1)?-2(k4+1)+1 


1 E 2n? + 2n 


E DUUM ur rt PB APA Bcc UR 
2n? +2n +1 2n24+2n41’ 


and we are done. 
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Example 1.12. Let aj,a2,...,an be positive real numbers such that 
Q102°°:Qan = L. 


Prove that 
Q1 a2 a3 
——— + 8 ————————— H 
142i (1 + a1)(1 + ag) (1 + a1)(1 + a3)(1 + a3) 
i An " 2° = 1 
(1+ a;)(1+a2)---(L+an) | 2” 


Solution. The sum in the left hand-side is actually fairly easy to compute 
once we realize that 


Ak l+ag—i 


(1a): (1+ak) (+a): (1+ ax) 
1 1 


(+a) (1+ak-1) (+a) (1 a&) 


Therefore the sum is telescopic and 


n 





po n CC NE SENE UR 
(1-4-a1)--- (1+ ax) lta, lt+a, (1+a4,)(1+ a3) 





k=1 
j 1 1 
(L+a,)---(1+a@n-1) (1+a,)---(1+ap,) 
1 
ap equ) 
Since 
"e M 1 
gn Qn? 
the problem reduces in the end to the inequality 
1 1 


E eN PERS 
9n ^ E eL us) 


which is equivalent to 


(1+a,)---(1+a,) > 2". 
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This is a fairly standard consequence of the AM-GM inequality, since 
14-a1 > 2./a1, 1+ a2 > 2,/ag,..., 1 + an 2 2/an, 
thus 
(1231): (1 a4) 2 2° Vay +++ Gy = 2”. 
Example 1.13. Evaluate 


2^ 2: D. 25 
dci g1 4j] 3-1 '" 


Solution. We are asked to evaluate 


EX AE. 
2n 1 — gnt+l q 
ddp] ark” 1 
First we have 
27 

garth 1 — (22* 4. 1)(22" — 1) 

| 2 1-1 
XXE DO es) 

1 1 


"E-i Ay 


which implies 


N 92^ E N 1 1 

D cT 92^ .] ganti . 4 

n=0 n=0 
PE l 1 
729993 ee ee 7 Na 


Thus, 


CO n N n 
De 22 1 
e ye ee Yn 


n=0 n= 
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Example 1.14. (IMC 2015) Define a sequence (F(n))n>0 by 


F(0) = 0, FQ) = 5, and F(n) = 2 F(n -1) - F(n—2) 


OO 
1 
for n 2 2. Is ` FG) a rational number? 
n=0 
Solution. Let us start by finding the general term of the sequence (F'(n))n>o0. 
Note that the recurrence relation can be written 
F(n — 1) 


F(n) = 2F(n — 1) 4 5 


— F(n — 2), 
in other words 


F(n) —2F(n—1) = F(n - 1) -2F(n - 2) 





2 
The sequence G(n) :— F(n) — 2F(n — 1) therefore satisfies 
G(n—1 
G(n) — 2079 
2 
and by an immediate induction (or using a telescopic product) we obtain 
G(1) 3 
G(n) = 9n-1 — Qn" 


Thus 3 
F(n) —- 2F(n — 1) = 5. 
and dividing by 2" yields 
F(n F(n-1) 3 
gn 9n-l An’ 


Adding up these relations for n = 1,2,..., N and recognizing a telescopic sum 
on the left-hand side yields 


N N 
F(N) 3 1 1 1 
TDD (pa F) 


n=1 n=1 
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which yields 
F(N) 22N -2-N, 


It follows that 
1 1 22" 1 1 


F) ge a ee noc mag gau 


We recognize the telescopic sum from the previous example and we conclude 
that 





which is a rational number. 
Example 1.15. Let 
1 1 1 
hae ee ee N*. 
" tatgt Tgs p JO qe 


Prove that: 
1 1 1 


M 3 5 Qn-0M 


for any positive integer n. 


<2 


Solution. We have 


hy — hk-1 = 





1 
2k —]1 and hy «hy, 


therefore 


1 ofk Aki 0 hk — hal 1 1 
(2k—1)2 m hkhg a  hk-ı hk 
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for n > 2. Now sum these inequalities in order to get 


n 1 n 
— —— 1 MP v 
(2k — 1)h; "Mau Dh; i 2? Es 1 3 


k=1 
1 1 1 
E E E eee 


as required. 
Example 1.16. Find and prove a simple formula for the sum 


_ 8 8 n+)? 
|. 1444 3:44 55-4 (2n 4- 1)4 4- 4 





Solution. We have 
a^ + 4b* = a^ + Aa?t? + Ab^ — 4a?b? = (a? + 267)? — (2ab)? 
= (a? — 2ab + 2b7)(a? + 2ab + 26^) 


a formula that we will often meet, in various appearances. In this case we use 
it for 


(2k +1)*+4 = ((2k +1)? — 2(2k + 1) + 2)((2k + 1)? + 2(2k + 1) + 2) 
= (4k? + 1) (4k? + 8k +5). 


Because 4k? + 8k + 5 = 4(k + 1)? +1 we can hope that the decomposition as 
a sum of simple fractions of the general term of the sum (without the sign), 


(2k+1) | (2k +1)? 
(2k+1)4+1 (4k? +1)(4k?2 + 8k 4- 5) 


will give something useful. And indeed, if we write 


(2k 4- 1)? _Ak+B,_Ck+D 
(4k? --1)(Ak?--8k--5) 4k24+1 4k? 48645 
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and identify coefficients we find that 


(2k 4- 1)? | k " k+1 
(4k?-- 1)(Ak? -8k --5)  Ak?--1 4k? 4+8k45 
k k+1 


= Meet ae gd 


which immediately permits the evaluation of the sum by telescoping: 


k+1 
ia Do CMS 


k+1 
: -£(co y mar 


n+1 = (ay n+1 
A(n+1)2 +1 — 4n2 + 8n - 5' 





= Spese f 


Example 1.17. Calculate the sum 


D TTA | Vk Vk?-1 
. z 1 
Solution. We need to understand the expression ————————. 
k-4-Vk*^—1 


For this, let us denote a = k + v k? — 1 and consider its conjugate expression 
b = k — v k? —1. Then a + b = 2k and 


2 
ab = k? — yk? -1 =k? -— (k? -1)=1. 


Thus 


1 
k+vk?—1 va 
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On the other hand, let us observe that 


b=k-— Vk? -1=k-(k+1)(k-1) 


DLL (k E 1)(k— 1) 


ERE MET (kK-1)+k-1 


_ (vk+ — yk — D 
?) ) 


hence 
Vp YEti-Vk-1 E Vk+1—Vk+Vk-Vk-1 
V2 v2 | 
We recognize two telescopic sums and combining the previous observations we 
obtain 


L “.Vk+1—-Vk+Vk-Vk-1 
iy ac VER k-+ Jk? —1 V V2 
t M 
| y2 v2 
| yn+1+yn-1 
Memes 


Example 1.18. Compute the sum 


1 2 Sica dale n 
12.32 32.52 (2n —1)2-(2n+1)2 


Solution. Observe that 


(2k +1)? — (2k — 1)? = Ak? + 4k + 1 — (4k? — 4k + 1) = 8k, 
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thus 


k 
(2k+1)2-(2k—1)2 - 


8k 
(2k +1)? - (2k — 1)? 
(2k +1)? — (2k — 1)? 
(2k 4-1? - (2k — 1? 


CO| = oo|rn 


m 


We obtain this way a telescopic sum, whose value is 


= k 1/1 1 n? --n 
2 (2k+1)2-(2k—-1)2 8 (3- a) — 2n + 1)? 


k=1 
Example 1.19. (USAMTS 2002) Compute 
1 1 1 
Z Á + l€————— + ———————— + eee 
1/24-2V1  2V34+3V2 3V4+4V3 
1 


t+ ———. 
4012008: 4012009 + 40120094 4012008 


Solution. We are asked to compute 


4012008 1 


3 kyk 3-14 (k 4-1) Vk. 


Let us deal with the general term: 


1 1 
kvk+1+(k+1)vVk | Vk: VETT (V+ VE i) 
EXT - VE 
(ovk. REI 


where the last equality follows from the simple identity 


(Vk + Ve +1) (vik +1 - vk) E. 
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We deduce that 
1 1 1 


kyk+1+(k+1)Vk vk wVk-cl 


which shows that our sum is a telescopic one, with value 





4012008 


1 1 
E EA Eum ius 
2. kV/k 4-1 (k 4- 1) Vk V/4012009 


Finally, note that 
4012009 = 4- 108 + 12 - 10? + 3^ = (2. 10° + 3)? = 2003?, 


thus 
1 1 1 


1V2 +2V1 2V734+3V2 3744473 
1 1 2002 


^ 4012008 /4012009 --40120094/4012008 i 2003  2003` 
Example 1.20. Evaluate 
Y ke+k—1 
(k+2)! ` 


k=1 
Solution. Let us try to find numbers 6; such that 


k?+k—-1 — ba b, 





(k-2) — (kr-1! (kw2) 
Clearing denominators, the previous equality is equivalent to 
k^ --k — 1-2 (k +2)bk-1 — by. 
Let us look for bj, = mk + n with m,n real numbers. We would like to have 
k^ -- k — 1 5 (k - 2)(mk 4- n — m) — (mk 4- n) 


for all k. Identifying coefficients yields m = 1 and n = 1, in other words 
bg = k + 1. We deduce that 


“R4+k-1 « k k+1 1 n+l 
3 (k+2)! Ea e var 








38 Chapter 1. Telescoping Sums and Products in Algebra 


1 
Example 1.21. Define a sequence (£n)n>1 by x1 = 5? and for n > 1, 


„n t T2 
Ho 1-zxs- cà 
Compute 


-- es E: 
21-c-1 z2-c-1 z3-41 22015 +1 | 2016 











Solution. The recurrence relation can be written 


1 1l+a,+24 1 T E 
Ln Tnt’ 


Intl n+? 70 Sn(ant+1) -— 


which can be rearranged as 








We deduce that 








= 2015 + 2 — 





T2016 


This shows that the sum we are asked to compute equals 2015 + 2 = 2017. 
Of course, the number 2015 plays no special role in this problem. In the exact 
same way we can prove that 


^. 1 1 1 
> + = 
my ek tl Tny 21 








for any positive integer n. 


Example 1.22. Prove that for alln > 1 


n 
2. 
k=1 


1 
D 
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Solution. We have 

















k=1 k=] 
Vk n+1 k—1 
= y 
k k 
k=2 k=2 
n 
o; vn re gree k-1 
n+1 k 
k=2 
It suffices therefore to prove that 
n 
E 
k=2 
But 
Vk-vVk-1 vk-vk-1 1 ^1 
k k(k — 1) k-1 Vk 
thus 
TL Ti 
k—Vk—1 1 1 1 
AY cy ( -)=1-4 <1 
= mam k—1 k vn 
as needed. 


Example 1.23. (IMO Longlist 1970) Let n be a positive integer. Prove that 


1 1 1 
P meg pepe quse 


B. | ct 


Solution 1. We have 


0 < (k — D)k(k +1) = k(k? — 1) < k’ 


40 Chapter 1. Telescoping Sums and Products in Algebra 


for all k > 2, hence 


3 


1 
(k—Dk(k+1) 


Ms 
D| - 
A 


e 
ll 
to 
eov 
Il 
N 


(e gen) 


ES 


which is clearly equivalent to the required inequality. 
Solution 2. We prove the stronger inequality 


"UTE TEN: 
23 33 n? 4n 4 

for all positive integers n > 1 (the equal sign only appears when n € {1, 2}). 

This is a common trick in induction proofs of inequalities. A direct induction 

proof of the desired inequality would fail. So instead one looks for an improved 


inequality where induction does work. The induction step follows from 
b a 1 icm 1 z 1 FE S 1 <1 + = 1 ies 1 j 1 
23 +33 k? (k+1) 4(k+1) +33 k? 4k 


which is equivalent to 


es 
| 
bo 


| 
bo] eR bol & 
Mea 


Le 


"c eee eet 
(k+1) 74k 4(k+1) 4k(k+4+1)’ 
and to 
4k € (k+1)} © (k — 1)? > 0. 
Since this inequality is strict for k > 2, we will also get 


1 1 n + 1 7 1 E 5 
93 +33 4n 4 
for n > 3. Anyway, the original odi 


1 1 1 
I+ 33 tas s RES 


is definitely strict for all n > 1. 


br 


EIC 
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Example 1.24. (IMO Longlist 1970) Let 1 « n € N and 1 € a € R and 
suppose there are n positive numbers xi, i € N, 1 € 4 € n such that xı = 1 
and zi/ri.i =a 4- o4 for 2 € i € n, where oj < l/i(i 4- 1). Prove that 


1 
nb es d ——_— 


n— i 
Solution. Note that 
Tn = In—1(A@+ An) =: = (a + o3)(a + o3) --- (a + an). 
Therefore we obtain 
(n — 1) "Wan = (n — 1) "V (a + o2)(a + aa) -- (a + an) 


AM-GM ds 
<  (n—l1l)a- o» Qi. 
i=2 


Therefore it is sufficient to check that 
O2 T 03 +: +an<l. 


Noting that 
1 1 1 


ii+1) i ipl 


TL TU 
1 1 1 1 
iX — == <1. 
asd (; 23) 2 n+l 


1—2 


Qi S 


we obtain 








Equality does not hold since n Z —3, and all the a; cannot be equal. 


Example 1.25. Let n > 1 and defined ag = 1/2 and, forO<k<n-1 
a =a p% 
LA RUE 


Prove that i 
1—— <a, <l. 
n 
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Solution. Note that 
1 n n 1 1 


Qki1 Nak + a? ak(n+tak) ak n+axz 














thus 
1 1 | 1 
ak ak} N+ak 
We add up these relations for k = 0,1,...,n — 1. We recognize a telescopic 


sum in the left-hand side, hence 


1 n—i 
(ou. Em 
An, 


1 
n+ak 





k=0 


Each term 1/n + ay appearing in the last sum is smaller than 1/n, hence the 
whole sum is smaller than 1, which yields 2 — < 1 and then a, < 1. 


TL 
Using again the recurrence relation, we obtain a4, > ax, thus ax < 1 for all 
k «€ n. But then 








n—1 1 T. 
1gie nel 
ict Ak n 











and so i 
o_ 1 n 
an ntl 
This simplifies to 
m n-4-1 E 1 s 1 
* d n 4-2 n 


which finishes the solution. 


Example 1.26. (IMO Shortlist 2001) Prove that for all real numbers 





21,...,€q we have 
21 X9 Za 
et Fe eK vin. 
Ita Le +s L+az+---+22 vn 
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Solution. Using the Cauchy-Schwarz inequality we obtain 
£i T2 T : 
SOR PRI ME NEU RUN QU TIDEN ates 
e" l-F zi 25 uu) 


n 
d» Erat pa 


Thus it suffices to prove that 


TL 
oam ue «1. 
= (1+ r? + ctc) 


Letting a, = £? 4---- + x? (with the convention that ag = 0), observe that 


ük Ak — QGk—1 < ak — Ak-1 
+a? +. +a (ta)? ^a) a) 
1 1 


1+ aàk-1 i loa 


We deduce that 








>: 
= (lar + £2)? mi l+ap_1 l-cay l+an 
as desired. 
Example 1.27. Prove that for all positive real numbers £1, £2,..., £n 
1 " 1 ES 1 1 " 1 ae 1 
l+a 1lt+2,4+ 22 l+aptaet:::4+ 2p 31 22 Xu 


Solution. This is very similar to the previous exercise. Using the Cauchy- 
Schwarz inequality yields 





1 1 1 á 
lgi E Ftit oe 1+21,+2%2+:::+2y 
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1 1 1 - Tk 

<(—4+—4+.-.-4— | 

i (< 22 -) (X Eri 


It suffices therefore to prove that 


TL 
Tk 
<1 
2 (1+z1 +: + rk)? 
£n. But this is precisely what has already 


for all positive real numbers 71, 
been established during the solution of the previous exercise! 


Example 1.28. Prove that: 


vu 
A2(vn--1-1)« — <2 
(V ) 2.7 


Solution. We have 
1 1 
Ye a ML 
Vk+1+Vk 2Vk 
because the last inequality is equivalent to vk +1 > Vk, and, similarly 
1 1 


eae Fev c ae, 


Thus, 
2(VEFI- VE) < -z «2 (Vk- Vk-1) 


for every positive integer k. We sum these inequalities for k = 1,2,...,n and 


obtain 
Yos (EFT - vi) «Y (viet) 


that is, the desired inequalities 


SX = «vm, 


2 (V/n -1— 1) 


because the first sum and the last sum telescope precisely to what we need 


Chapter 1. Telescoping Sums and Products in Algebra 45 


Example 1.29. Let ag = 1 and an41 = a9::: a4 +1, n > 0. Prove that 


1 1 1 

—+---+ — + — = l, 

ay Qn  Qn41—1 
for all n > 1. 
Solution. For k > 1 we have ag:::a& 1 = aj —1 and ag: aj 184 = aka — 1. 
Then 

Qk+1 — ES (ak = 1)ak 

and 


1 1 ee! 1 
Qk--1 — 1 (ak x 1)ak Ak — 1 Ak’ 


meaning that 
1 1 1 





ak a—-1 ag —1l 
Summing up from k = 1 to k = n and noting that a, = 2 yields the desired 
result. 
Example 1.30. (Romania TST 2003) Let (an)n>1 be a sequence of real num- 
bers given by a1 — 1/2 and for each positive integer n 
2 
an 
an+1 = ——————. 
n-4-1 a2 =a 4 1 

Prove that for every positive integer n we have aj -- a9 4- --- -F a4 < 1. 


Solution. Setting bn = 1/a4, the recurrence relation becomes 
bn = 02 — b, +1, 
that is 
b441—1 m 
b, — 1 ot 
Multiplying these relations we get 


1 1 1 
bye ubi uh e Aue 
c m d clé xa doré RT EN mc 
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Telescoping again we get 


1,1 1 1 
— = ier , Eeuem—1-—————— T 
and we are done. 
Can you see the similarities between this problem and the previous one? 


Example 1.31. Compute 


E EE : 
I3. 1:355 128 (na) 





Solution. Note that 
k zx 2k g-1—1 
1-3-.....(2k-1) 2 1.3..... (2k - 1) 


(1 1 


We obtain therefore a telescopic sum, with value 


n k 1 1 
Pierre ona E es) 


k=1 


The “note that” part seems to come from nowhere, so let us explain a little 
bit more what is happening. Ideally we look for numbers a; such that 


k 


143. Oke Hb PNE 
The form of the denominator strongly suggests taking 


bk 


E Tega Okel) 


for some numbers bg. The previous relation is then equivalent to 


k = (2k + 1)bk — by. 


Chapter 1. Telescoping Sums and Products in Algebra 4T 


Again, looking for a polynomial sequence b; = P(k) yields 
X = (2X 4 1)P(X) - P(X +1) 


and degree considerations show that P is constant, necessarily equal to 1/2. 
As shown in the introduction the idea in telescoping products is very similar 
to that related to sums (only cancellations are between multiplicative factors 
rather than additive terms). We repeatedly use the following result: 





n 
II Qk--1  Qn41 
Ok Q1 


) 


k=1 


where az £ 0 for all k. 
We have already seen some simple examples in the introductory part. Let us 
see some more. 


Example 1.32. Evaluate the product 


II (1+ + oR). 


Solution. Things are fairly simple here, since 


2* — oe sia Se a 


1 EN UR MUR RE E OR NS GUMMI 
tix2k7 er: 142k” 





the product is telescopic and 


n n 

1 + Qk+1 1427+! 
Il tee = aa) =e 
d E 111-2 3 


Example 1.33. Evaluate 


(1+3) (sei) (mni) 
(2+3) (ei) (any + 3) | 
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Solution. By the formula 


atta (à -a i) (2 ea) 
= («a+ 5) ((a+0?-(a+) +5), 


we have, after all simplifications, that our product is equal to 


II(c-*«1) [I (@i-n?-@- +5) (e - 655) 


= EA o m n Un M 
n 25) ds 34:3 — (27) 4.4 ya Oria: 
TN 
1 
" 2 00d 
(2n +1)? - n 1) +5 8n? -- 4n +1 


Example 1.34. Evaluate 


Solution. The numbers k? — 1 and k + 1 strongly suggest the use of the 
classical formulae 


a? — b? = (a — b)(a? +ab + b°), a? +b? = (a + b)(a? — ab -- b°). 


We deduce that 
k—1 (k-1)(k?+k+1) k-1 k*+k4+1 


k5--1  (k+1)(k2-k+1) k+1 k?—k-c1 


is a telescopic product: 





TL 
k — 
Note that 
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The key observation is that 


k^ +k+1=(k+1 — (k--1) 9 1, 


k? 
thus IER 2 = is also a telescopic product, more precisely 


k+1 i 


pes. Ip (k+1)+1 (n+1)-—(n+1)+1 
TE —k+1 3 


Putting everything together we obtain 


—~(R-1\ . 2 (n+1P-(n+1)+1 An? +n41) 
U (ist) mary o3 onm TUS 


k3 41 n(n +1) 3 ... 8n(n +1) 


Again, this allows evaluating the corresponding infinite product: 


IT k3 —1 = Je TI k*—1\ 5 m 20 tnt) _ 2 
bur k3 +1 N00 k3 1 n3o 3n(n+1) 3 


Example 1.35. Prove that for alln > 1 
TL 
1 
I] E "m 3) <3 
k=1 


Solution. We have for n > 2 


TL 


IL (1*5) <2 +1 eps +1 


In the previous problem we have already computed the last product (actually 
3 2 

EU E re 

2(n? 4- n 4- 1) 


- 1 3(n? 4- n) n? n 
14-—]«2:£—5————3:———— «3 
II ( +5) 2(n^ +n +1) mintl~ 


its inverse), which equals 
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We can also use induction to show the stronger inequality 
TL 
1 1 
Ti+) <3-2 
k? n 
k=1 


(sometimes a stronger inequality can be proven by the inductive method, while 
the weaker one cannot be thus proven). Actually the equal sign holds only for 
n = 1 (which is immediately seen) for n > 2 the inequality is strict. We still 


need to prove that if 
= 1 1 
lli1523])s3-25 
k3 n 
k=1 


then 





n+l 

1 1 
II (1+) s<3- "E 
hm m+ 


And, indeed, by using the induction hypothesis, we have 


T 3) - (I6 3)) G+ aap) 
< (s- 2) («e <3-—, 


the last inequality being equivalent to 
1 1 Z 1 1 a an — 1 E 1 
nj] (n+1) n n+1 n(n+1) — n(n+1) 
&3n—1«(n4-1?e0«n^-n-42. 


Example 1.36. Prove that for any positive integer n > 1 we have 


1 13 2-1 1 


— < =- < ——. 
2/n ` 24 on ~ f2n+1 
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Solution. We have 


2 
“2k-1\  1fy7q_ (2k-1)? 1 1 
TI 2k HUC PEE 


k=1 





whence the first inequality follows. Also, 


2 
“2k-1\ [pr (2k-1)(2k +1) 1 1 
(TI 2k | -(I (2k)? Eea 


k=1 











which gives the second inequality. We used 
(2k — 1)? 4k? — 4k + 1 





—~ Cz 
OR- JOR)  4k2—-4k ^ 7 
ii (2k — 1)2k--1) 4k? 
2k —1 +1 —1 
s — <1, k>1. 
(2k)? Ak? =? = 
Example 1.37. Let an =1+2+3+---+n. Compute 
a2 a3 An 








a2 — 1 a3 — 1 On — 1 


Solution. We have 


| n(n- 1) 
an = 7 , 
hence 
Ok k(k 4- 1) 





ay —1 k(k+1)-2 
The key remark is that the denominator factors nicely, since 
k(k-X-1) 2 k^--k — 2 (k - 1) (k - 2). 
Thus 
Ok k(k +1) o k k 4-1 
ay—1 (k—-1)(k+2) k-1 k+2 
We recognize two telescopic products and deduce that 


“ak B 3 3n 
ix IL HE 1 n+2 n+? 











Chapter 2 


Telescoping Sums and 
Products in Trigonometry 


To solve this type of problems you need to have a good grasp of trigonometric 
identities. These identities are studied in school, but we recall some of them 
here. 


Half-angle formulas 


2tan — 
sina = eee 
1 + tan? — 
2 
1 — tan? - 
cosa = 
1+ tan? — 
2 
2tan — 
tana = 2 


a^ 
1 — tan? = 
di 
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Triple-angle formulas 


sin 3a = 3sina — Asin? a, 
cos 3a = 4 cos? a — 3 cosa, 


3tana — tan? a 


tan 3a = —————À—. 
1—3tan?a 


Sum-to-product formulas 


























b —b 
sina + sin b = 2sin - COS : 3^ 
b —b 
cosa + cos b = 2 cos ina COS x "E 
j b 
tana + tanb = me) 
cos a cos b 
l i , a—b a+b 
sina — sin b = 2 sin COS "E 
- b 
EN S sin 7 ; 
tana — tan b = Enoch 
cos a cos b 
Addition-subtraction formulas for tangent 
ian ae s tan a + tan D 
-= 1—tanatan fl 
t —t 
imos ana — tan D 


1+ tanatan Bp 


Example 2.1. Prove that for all real numbers x,y,z we have 


(a) sin z + siny +sinz — sin(z +y + z) = 4sin 27 sin 2 7 sin 977; 




















(b) cost + cosy + cos z + cos(z + y + z) = 4cos = iss o Kcd 


COS 9 COS 9 
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Solution. (a) Applying the formula 


a+b 
2 








 a—b 
sina — sin b = 2sin COS 


we obtain 








sing — sin(z + y + z) = —2sin 77 cos (2+ 232). 


On the other hand, 


YFZ y—z 
z CS 








sin y + sin z = 2 sin 


Thus 








sin x+sin y+sin z—sin(z4-y--z) = 2sin P T (cos so — cos (s pe is =) ) . 


It suffices therefore to prove that 


cos “=~ — cos (2+ 235) som a 











2 2 
which is another consequence of the formula 


a+b 
2 


For part (b) we can proceed similarly, or we can transform products into sums 
by using the formula 





—-a. 
sin 





cosa — cosb = 2sin 


2 cos a cos b = cos(a — b) + cos(a + b); 


so, we have 

















2 = 
2 2 9 9 
Ed pu 2 co 
Cos 2 COE a oe 


= cos(x + y + z) + cos x + cos y + cos z. 
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The attentive reader has probably already noted that any of these identities 
transforms into the other one under the substitutions z > 5 — £t, y> $ — Y, 
z> 5 — z. (So, basically, we have a single identity with two forms.) 


Example 2.2. Prove that in any triangle ABC we have 


a CN a a UR ui 
a 2 2- 4 4 A ` 


Solution. Note that since A + B + C = 180°, we have 
25) . B+C 
S9 E 











A 

COS — = cos (ov - 
2 

bee os B C 
and similarly for cos > and cos J Using Example 2.1 we obtain 

A B 

cos £ + cos = + cos S — sin( A+ B 4- C) 

(Ac B)+(B+C) . (B+C)+(C+A) . (C A) - (A4 B) 


= igno———14 ——— Wer emen p oco occ UBI NEC 


On the other hand, sin(A + B + C) = 0 and 
(A+ B)+(B+C)=A+B+4+C+B=r+B, 
yielding the desired result. 
Example 2.3. Consider two triangles ABC and A'B'C'. Prove that 
A+A’ , B+B’ , C+C 


sin sin i 


sin(A+ A) 4- sin(B + B^) - sin(C + C^) = 4sin 2 5 











Solution. Note that 

(A+ AP) 4- (B 4- B’!)+(C4+C) = 360°, 
thus using Example 2.1 we can write 

sin(A + A’) + sin(B + B^) + sin(C + C") 


A+A +B+B' , B+ Bt+Cr+O . C+O+Ata 


= 4si — ——— —— 
sin 9 sin 9 Sl 7 
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On the other hand 














A+Aã'+B+B' 360°-(C+C’) , C+C 
————— a a 180° - | 
2 2 2 
hence 
SUAE GRBRRBU 4 CHE 
sin. ———_ = SIN ; 
2 2 
Similarly we obtain 
B+B'+C+C . A+A C -C' 4 - A 4 AT . B+B 
sın NE ye = SIn 9 ; sin _ 9 = SIn 7 


and the result follows. 
Example 2.4. Prove that 
(4 cos? 9? — 1)(4 cos? 27? — 1)(4cos? 81? — 1)(4 cos? 243? — 1) 
is an integer. 
Solution. The formula 
sin 3x = 4 cos? z sin z — sing 
can be easily obtained by the usual transformations: 


sin 3x = sin(2z + x) = sin 2z cos x + sin x cos 2x 
= 2sin x cos’ x + sin x(2 cos? x — 1) 
= 4cos* g sin x — sina 
(it is one of the forms in which sin 3x can appear). Thus we have 


sin 3x 





Acos? x — 1 = - 
sin £ 


and our product becomes 
(4cos? 9° — 1) (4 cos? 27? — 1)(4cos^ 81? — 1) (4 cos? 243? — 1) 
. sin 27° sin 81° sin 243° sin 720" — sin720" — 
. Sin9? sin27? sin81? sin243°  sin9o» ^ 
because sin 729° = sin(9° + 2 - 360°) = sin 9°. 
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Example 2.5. Prove that 
(4 cos? 9° — 3) (4 cos? 27? — 3) = tan 9°. 
Solution. We use the formula (prove it!) 


cos 3x 





4 cos? x — 3 = ; 
COS x 


which yields 


27° cosS81? cos 81° 
4 cos” 9° — 3)(4 cos? 27° — 3) = LL - = | 
( any X ids cos9?  cos2T7? cos 9? 











On the other hand, we have 
cos 81° = sin(90 — 81)? = sin 9°, 
which finishes the proof. 
Example 2.6. Prove that 
sin? 18? + sin? 30° = sin? 36°. 


Solution. Using the formulae 








]— 2 b — b 
sin^(z) = LEN cosa — cosb = 2 sin E , 
2 2 2 
we obtain 
36° — T2 
sin? 36° — sin? 18° = Se 79 ^. .. sin 18? sin 54°. 


2 
i Lar. Ub s 
oince sin^ 30? — 7 it suffices to prove the equality 
O eet ae 
sinl& sin 54 = z 
On the other hand 
Asin 18° sin 54? cos 18° = 2 sin 36? sin 54° 
= 2 sin 36° cos 36° 


= sin 72° = cos 18°. 


Dividing by the nonzero number cos 18° yields the desired equality. 
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Example 2.7. Prove that 
tan? 36° tan? 72° = 5. 


Solution. Note that, basically, all values of the trigonometric functions for 
arguments 18°, 36°, 54°, or 72° can be written as simple algebraic expressions. 
Specifically, we have 


af Bok 10 — 2/5 


cos 36° = sin 54° = —, ^» 608 54? — sin36? — 1 i 
and 
cos 72° = sin 18° = ied cos 18° = sin 72? = — 


For instance, if we denote by t = cos 36°, from the equality 
sin(2 - 36°) = sin(3 - 36°) 


we infer 
2t sin 36? = (4t? — 1) sin 36° 


hence 
At? —2t--1=0. 


As t > 0 we get t = (V5 + 1)/4, and all the other values follow from this by 
basic formulas. Of course, this observation provides another solution for the 
previous exercise. Now, for the present one, we have 
sin36? sin72?  2sin? 36° 
t 36^ t 12* = . — UUNszsds 
m x cos 36° cos 72? cos 72° 
2 — 2 cos? 36? 
— H 5 
2 cos? 36° — 1 v5, 


V5+1 


because, as we have seen, cos 36° = "ERG 
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Example 2.8. Compute 


1 1 1 1 
1 + cot 1? * 1X cot5? 2 1 + cot 9° qe 1 + cot 89° ` 


Solution. The key observation is that if z + y = 90°, then 


1 1 
aoe l+coty — 


Indeed, we have 
cot(x) = cot(90° — y) = tan y, 


hence 


1 1 1 1 





fico. isco p TIE 
tany 
1 tan y 


" T+tany | 1+tany | 


It follows that 
1 1 1 1 


BHL "UNES — = 1.... 
1+ cot 1? a 1 + cot 89° ' 1+ cot5° Y 1 + cot 84° 


Adding these relations and taking into account the term (which 


1 
1+ cot 45° 
cannot be paired with another term), we obtain 


1 1 1 1 1 
nox tres tu Mc ee ei tee 
1+ cot 1? T ] + cot 5° iu 1+ cot 9° i X 1 + cot 89° 7 1 + cot 45° 


1 
= 11+ -- 11.5. 
E 2 
Example 2.9. Prove that 


tan 10° = tan 20° - tan 30? - tan 40°. 


Chapter 2. Telescoping Sums and Products in Trigonometry 61 


Solution. Using the formula 


sin x 





tanzt = : 
cos £ 


the equality is equivalent to 
sin 10? cos 20? cos 30? cos 40? = cos 10? sin 20? sin 30? sin 40°. 


We now use the identities 


cos 60° + cos 20? 


cos 20? cos 40? — s 


and 
cos 20? — cos 60? 


sin 20? sin 40? — 5 


to reduce the previous equality to 
sin 10° cos 30° (cos 60° + cos 20°) = sin 30° cos 10°(cos 20° — cos 60°), 
which is equivalent to 
cos 60° (sin 10° cos 30° +sin 30° cos 10°) = cos 20° (sin 30° cos 10°—sin 10° cos 30°). 
Using again the standard formulae, this reduces to 
cos 60° sin 40° = cos 20° sin 20°. 
Since cos 60? = 1/2, the previous equality reduces to the standard formula 
2sinzcosz = sin(2x) for x = 20°. 


Example 2.10. Prove that 


ER LN i 
2 11 IL i e 
22 
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Solution. Using the formula 
2sin x cos x = sin(2z), 


we can write the right-hand side 








COs ul 

NN 29 
dn. ipd 
sin x 7 sin 11 


hence multiplying everything by 2 sin T we are reduced to proving the equiv- 
alent equality 


] ud m 2T 12 4n : T 
sin 11 sin — cos = sin = cos = COS 55. 


On the other hand, we have 


2 sin — cos — i = nuda — sin — 
11 11 11 11 
and 
2sin — cos — 2 = see — EE 
11 11 11 11’ 
thus 
sin — o eee Boa a 
11 11 11 11 11 
37 5T es OT 
— sin — T + sin — TI - sin — + sin — TI aaa = sin 2T. 


All in all, it suffices to prove the equality 


sin D = COS — - 
11 22? 


which follows from 


inc COS NI E E 
11 2- 117 00 
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Example 2.11. Prove that for all x € R 
1 
sin x sin(60° — x) sin(60° + x) = 7 sin 3x 


and 


1 
cos x cos(60° — x) cos(60° + x) = 7 995 3z. 


Solution. Since 
2 sin(60° — x) sin(60° + x) = cos 2x — cos(120°) = cos 2x + 5, 
it suffices to prove that 
2sinz (cos 2x + 5) = sin 3x, 


which is equivalent to 
sin 3x — sin x = 2 sin z cos 22, 


another consequence of the standard identity 


d oos sud 
> 


For the second identity we present a slightly different approach. By the usual 
formulae for the cosine of the sum and the difference we have 








; ; 2.07 
sina — sin b = 2sin 


cos(60? — x) cos(60? + x) = cos? 60? cos? x — sin? 60? sin? x 


? x — 3 sin? z). 


= Ge 
4 
On the other hand, 


cos(2x + x) = cos 2g cos z — sin 2g sin x 
2 


COS 32 


(cos? z — sin? x) — 2sin? x cos z 


= cos z(cos? x — 3sin? x), 


therefore, 


1 1 
cos x cos(60° — x) cos(60° + x) = 7 008 z(cos? x — 3sin? x) = 1 08 3x. 
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Example 2.12. Compute 
sin 10° sin 50° sin 70°. 
Solution. We have 


sin 10° sin 50° sin 70° = cos 80° cos 40° cos 20° 


— l sin 20? cos 20? cos 40? cos 80? 


sin 209 
AMA 40? cos 40? cos 80? 
T sin209 2^ 
1 : o O 
= Asin 20° sin 80 COS 80 
1 1 
= ——_ sin 160° = <. 
aie a P es 


Of course, this is just an application of the first part of the previous example, 
for x = 10°. Apply the second part to the same x = 10? and try to find a 
different solution. 


Example 2.13. Prove that 


cos 6? cos 42? cos 66? cos 78° = = 


Solution. By the second identity from the previous exercise (applied for 
x = 6° and x = 18° respectively) we have 


1 
cos 6° cos 54° cos 66° = 1 cos 18? 


and 


1 
cos 18° cos 42° cos 78° = 1 cos 54°. 


Clearly it suffices now to multiply side by side the two above equalities (and 
then simplify by cancelling cos 18° cos 54° Æ 0) in order to get the desired 
result. 
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Example 2.14. Prove that 


1 
256/2 


sin 5° sin 15° sin 25° - - - sin 85° = 





Solution. We have 


sin 5° sin 15° sin 25° - - - sin 85° = (sin 5° sin 85?) (sin 15° sin 75°) - -- sin 45° 


= (sin 5? cos 5?) (sin 15° cos 15?) (sin 25° cos 25°) (sin 35° cos 35°) sin 45° 


1 
162 


sin 10? sin 30? sin 50? sin 70? 





1 
= —— sin 10? sin 50° sin 70°. 
32/2 
Applying Example 2.14 yields the desired result. 
Example 2.15. Prove that 
S = tan? 10° + tan? 50? + tan? 70° = 9. 
Solution. More generally, we will show that 


S = tan? x + tan^(60? — x) + tan^(60? + z) = 6 + 9 tan? 3z. 


Let tan x = t, then 
V3 -t 
1 + 3t 


tan(60° — x) = 





and 


_ v3+t 
1— V/3t- 





tan(60° + x) 
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Consequently 








2 2 
M V3 -t V3-t | — 6-450 + 92° 

1 + V3t 1— /3t (1 — 3t?) 
6(1 — 6t? + 9t*) + 81t? — 54¢* + 92° 


(1 — 312)? 
4, , 81t? — 54t* + 9° uin 9t? — 6t^ + t$ 
iu (1 — 312)? B (1 — 342)? 
3t — t)? 


For z — 10? we get 


1 
S =6 + 9tan’ 30° — 69. 2 — 9, 


as desired. 


Example 2.16. Prove that 
tan 50° + tan 60° + tan 70° = tan 80°. 


Solution. First verify that, for a + b+ c = 180? (that is, for example, for the 
measures of the angles of a triangle), we have 


tana + tan b + tanc = tana tan btan c 
(start with tanc = — tan(a + b)). In our case, 


tan 50° + tan 60° + tan 70? = tan 50? tan 60? tan 70? 
= tan 60? tan(60° — 10°) tan(60° + 10°) 
V3 — tan 10? V3 + tan 10° 


1 4- v3 tan 10° 1 — v3 tan 10? 
1 1 3 tan 10? — tan? 10° 


— tan309 tan 10° 1 — 3tan? 10° 
= cot 10° = tan 80°. 


= tan 60° - 


E 1 
— tan 10° 


Chapter 2. Telescoping Sums and Products in Trigonometry 67 


We used again the formula for the tangent of the triple of an angle 


— ee 3tanz — tan? x 
|»  1-3tamn?z ’ 


for z = 10°. 
Example 2.17. Prove that 
sin 25° sin 35° sin 60° sin 85° = sin 20° sin 40° sin 75° sin 80°. 
Solution. Using Example 2.12, we obtain 
1 
sin 25° sin 35° sin 85° = sin 25° sin(60° — 25°) sin(60° + 25°) = 2 sin 75°. 
Similarly, we have 
. O -* O e Oo 1 . O 
sin 20° sin 40° sin 80° = i sin 60°. 
1 

It follows that both products are equal to 1 sin 60^ sin 75^, in particular they 
are equal. 


Example 2.18. Show that 


S = cos < UN 
EE 7 7T X 


Solution. We have (by transforming the products into sums) 


T ye DI , I T Tn Dq 7 
29 sin z —sin-- — sin ~ sin Fsin--—sin-- = sin z, 


T T T T T T 


a Ei E uf 
7 ia ae 7) 


The result follows after dividing by sin 7, which is nonzero. 


because 
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Example 2.19. Prove that 


2 3 
cot? + cot? — + cot? = ES 


Solution. Using 


cot? a —1 
cot 2a = ————- > cot? Q = 2cotacot2a+1 
2 cot a 


and 
cot(T — a) = —cota, 


we get 


2 
cot? 7 = 2eot > cot +1 


7 
2T 2T 3 
cot? — 7 = —2cot 7 cot = +1 
3 3 
cot? = = —2 cot — cot 7 + 1. 


Summing those up, we get 


2T 
cot? — --cot^ — * cot? o. dl = 3+2 | cot ie cot zm — cot on cot df + cot a l 
T T 7 7 T f T T 


Then, using 
cot a + cot B = Be) 
sin a sin 6 


the sum becomes 


. 3T 

9T 9 2T 297 — 27 oT ean a 
cot p D ae ee .-73*2 cot = cot — — cot = m. On 
EC 


COS 2 COS et COS ST 
sa PED 
sin sin ~ 


7 
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T AT T | 2m 9 
COS gar ee (3+5) ; sin > sin 7 


=3+42 ——m -2—Í1— 4. =5. 
sin > sin -7 sin . sin — 
Note that this equality can be seen as an instance of the general formula 
2n+ 1 
( 3 ) n(2n — 1) 





TL 
Scot? au = SS = 
2n+1 wi 3 


k=1 
1 
(for n = 3 we get our result). This general formula holds because as we will 
see in Example 3.5 in the next chapter 


T pet 27 m MEG 
2n +1? 2n -1' ^ 2n+ 1 








cot? 


are the roots of the equation 
TL 
2n+ 1 
| r n—r = 0 
DA, 
r=0 
(and we can therefore evaluate their sum by Vieta’s formulae). Thus, in our 


particular case, 


T 2T JT 
cot? = cot? ee cot —— 
T T T 


are the roots of the equation 


3 
T 
X (—1)" n" à Je = 7x’ —352^--212 —-1=0 
r=0 


which proves once again that their sum is 5. 
Example 2.20. Show that 


2 
tan Z tan tan 7 = VT. 
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Solution. We have 


7tant — 35tan?t + 21tan? t — tan’ t 


tan Tt = i 
di 1 — 21 tan? t + 35 tanź t — 7tan®t 


(why? again, see the next chapter for a clever way of proving this), which 
yields (by replacing t with 1/7, 27/7, 37/7, respectively, and by using the fact 
that the tangents of these numbers are not zero) 

7 — 352 + 212° — 2° = 0 6 2° — 212” + 35a — 1 — 0 


T 2T 3T 
for x € 4 tan? —, tan? —, tan? — 
l 7 T 7 


As the numbers from this set are mutually distinct, they must be all the solu- 
tions of the above equation, therefore their product is 7 (by Vieta’s relations): 


T 2n 3T 
tan? 7 tan? — tan? — = T. 


7 7 


Since all the tangents involved are positive, the conclusion follows. 


Example 2.21. Show that 


2 
4sin 77 - tan = = VT. 


Solution. Again, by 


7 tan t — 35 tan? t + 21 tan? t — tan’ t 


tan Tt = ————————————À———————— 
ns 1 —21tan?t + 35 tan^ t — 7 tanf t 


we find that the six roots of the equation 
xô — 21z* 352^ — 7 =0 


are t tanm/7, +tan2r/7, +tan 37/7. 
Now, since 


zÊ — 212^ + 352? — 7 = (a? — Ta? — T (x^ + 1)? 
= (2? + V7? — 72 + v7) (2° — Vix? — 72 - V7), 
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we have that - 
— tan — 
u an 7 
is a root either of 
P(z) = a? + V Ta^ — 7x + V7, 


or of 
Q(x) = 2? — Ta? — Tr — V7. 
Because 


P(0)P(1) = V? (2v7 E 6) « 0, 


P has a root in the interval (0,1), and that can only be tan 7/7 (from the 
numbers ttanz/7, +tan27/7, +tan37/7 this is the only one between 0 
and 1). Thus we have 


u? + V/Tu? — 7u+ V7 =0 


which can be read as 


8u 
p m 


meaning that 
2 
Asin — — tan S = V7 


T T 
if we use 
2tana 
sin 2a = p ae 
1+ tan^a 


Example 2.22. Show that 


OMNE AE WWE ee T -( 7) 
cos. + COS S t cos = = 5 Q9 34/7). 


Solution. This is a famous identity of Ramanujan. We have 


COS zi + cos I + cos edi = cos zl cos ul COS = 
7 T a 7 7 T 3 
as we showed in Example 2.20. Then 
ÅT &T 


COS 1 COS A + cos 2 COS 1 + cos — cos 
T 7 T T T T 
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= : COS Bn + cos on + cos zm + cos 9T + cos Eum + cos af 
I T T T T T 7 
= : COS i + cos a cos 2 COS d + cos zn COS on 
9 T 7 T T 7 7 
= w C E = : 
E 7 7 7 2 
and 
. 167 
COS a COS ii COS si = _ NIRE l 
T T 7 8 63 2m 8 
sin — 


Thus, letting 


| 2 | 4 | 
a=* 2 cos 7, b=} 2 cos 7, and c= 4 2cos 7. 


we have for a?, b’, and c? the equations 
a? -- 0? + = —1, ad? + b3 6? + 8a? = —2, a3? c? — 1 — abc — 1. 
Let x =a +b +c and y = ab + bc + ca. Then 
a? +b? + c? — 3abc = (a +b + c)(a? +b? + c? — ab — be — ca) 
=> a(x? — 3y) = —4. 
In a similar way (with ab, bc, ca instead), 
—5 = (ab + bc + ca)((ab + be + ca)? — 3abc(a + b + c)) = y(y? — 3x). 


To solve the system for x, use the first equation to get 


| $5 +4 
|. 8m 





and substitute. We get 


(a? + A)((z? + 4)? — 272?) 


cues 2719 
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= 1352? + (zx? + 4) (a8 — 19x? + 16) 
= g? — 15r? +757” + 64 = (z^ — 5)? -- 189 
> (5 — z3)? = 7-33 > z = \/ 5 — 397 
as desired. 


Example 2.23. Prove that 


E T doin OF net o 1 134+ 3V13 
"13 13 13 2 > 


Solution. After squaring both sides (which are positive) and after transform- 
ing products into sums we need to prove that 


COS 2 ieee Ol dha ol 2 ee oa dee ee = L+3v13 

13 ^ 13 13 13 13 13 / 4A 7 
Let 

COS zn + ae segs 77 
13 ig 13 
and 
COS i + cos al + cos i = 
13 13 i38 7 


Then we compute that 


1 3 
ETY=—5 and zy = —7. 


Indeed, the first of these is a special case of the next problem, since we have 





6 sin DAE COS 7 

2k 12 12 

az + y = ) COS ene — E 
k=1 13 sin — 
13 

sin on COS om sin ET 
= 13 ^ 13 l 13 1 
: 2 da 2 
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The second follows by expanding and repeatedly using the formula 
2 cosa cos b = cos(a + b) + cos(a — b). We get 


2 C d T eoo bos e + co T ud ro +c eee 
d came 13 13 13 13 "13 
+ cos —— zn + cos — zh + cos —— E + cos — am + cos —— ES + cos on 
13 13 13 13 13 13 
pe + co al P gage egg + cos z 
13 13 13 13 13 13 
ES R To tas bee a ees ten 
i 13 13 13 13 13 13 
(where we also used cos(27 — a) = cosa), hence 
ges 2 +y)= ae 
qo pv c -I 
Thus (as x is positive and y is negative), 
v13—1 V13+1 
x= ——— and y = —————. 
4 A 
Consequently, 
COS zu Duc ch cage ai — 2 e + cos Oron an 
13 13 13 13 13 13 
V13—-—1 v134+1 1+ 3V13 
S “A § » = Up s 


Example 2.24. Evaluate 
TU 
` cos kz. 
k=1 


Solution. Assuming that x #4 2mm, m an integer, we multiply by 2 sin x/2. 
From the product-to-sum formula we get 


n n 
. T , 1 , 1 
2 a» sin 5 cos kx = X (sin (5 + z) T — sin (5 — z) z) 


k=1 
= sin pace pen ang i ET 
i 2 ? ~ 2 D 7 
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Therefore we get 


(n+ 1)z 


. NT 
sin — cos 
2 2 


1 — 

o . 

sin — 

2 
Clearly, when x = 2m7, m is an integer, the answer is n. 


Example 2.25. Prove that, for all real numbers x 4 2mm (with integer m), 


we have 
. nz . (n+1)zr 
sin — sin —————— 
sinz + sin2z -- sin3z +- - sinnz = ——2— —,—2——. 
sin 


Solution. As in the previous problem, we multiply the sum with 2sinz/2, 
and use formulae for transforming products into sums and vice-versa: 


n n n 
1 1 
2sin =) "sin kz = ) 2sin 7 sin ke = y. (cos (s — z) £ — COS (x + z) z) 
k=1 k=1 k=1 
2 1 1 
= cos = — cos Gt T Ue = 2sin Z sin TEDI, 
and this is what we had to prove. Of course, for x = 2mm the sum is 0. Note 
that mathematical induction can be used in such problems, too. 


Also, observe (and prove) that the slightly more general identity 


na. ( n-—1 
SHE PD x+ a 





2 
sin z + sin(x +a) t ----F sin(z + (n — 1)a) = 





sin : 
2 
holds for any real numbers x and a Z 2mm, m € Z. 
Example 2.26. Prove that 
in 2 
cos x + cos 3x + cos 5x +- -- + cos(2n — 1)x = dc 2, 
2 sinx 


where x £ mm, ME Z. 
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Solution. Indeed we have 
TL n 
2 sin x ` cos(2k — 1)x = » (sin 2kx — sin(2k — 2)z) 
k=1 k=1 
= sin 2nz. 


sin is COS ( ia “a) 
2 2 
) jum ——— — a € eee ae 


cos z + cos(z + a) - --- -- cos(z + (n — 1)a 


Actually, the more general identity 





a 
sin 2 

holds for a 4 2m7. Can you prove it by inducting on n, or by multiplying the 
sum with sin a/2? 


Example 2.27. Prove that, for x £ mmn with integer m, 


l1)si — n Si 1 
cae ne Genie ee ee 
4sin* 7 


Solution. We differentiate with respect to x the equation (that we obtained 


earlier) 
(2n + 1)x 


sin ———— —— 
C 7" o 


2 = 
Sin J 


NI = 


and thus get 


2n+1 . z (Q2n4+1)e 1. (2n+1)x rz 
sin — cos =——— — — sin ——— cos — 


n 
-X ksinkr = —4— 4 é a E e i 2 2 2 2 2 
2sin^ 7 





(2n + 1)(sin(n + 1)z — sin nz) — (sin(n + 1)z + sin nz) 
7 8 sin? 2 
2 
. 2nsin(n + 1)z — (2n + 2) sinnz 


T 
8sin^ = 
E 


Chapter 2. Telescoping Sums and Products in Trigonometry 77 


and the desired result follows. 
We can also evaluate the sum multiplied by 2 sin z/2: 


Wc i (2k — 1)x (2k + 1)x 
2sin; X ksin ka = Sok (cos =A — i NEC TRE 
k=1 k=1 
k HM 1)zx (2n + 1)z 
= Y cos = TVCOS EE ee 
k=1 


Now, by the previous example, we have 





k (2k —l)p  sinnz 
X gr e m 
sin — 

2 


and the result follows after a few more manipulations with product-to-sum 

formulae (actually only one such formula is needed), and, of course, after 

dividing by 2sinz/2. The method of induction is also available in such an 

exercise: try it! Also, try to prove (with or without mathematical induction) 
that 

1 — lup 

poss D uode DE MO C UR 

2 
Asin 2 


holds — again for any real x different from any even multiple of 7. 


Example 2.28. (USAMO, 1992) Prove that 
1 1 1 cos 1° 


Solution. Multiplying the relation by sin 1°, we obtain 
sin 1° sin 1° - sin 1? E cos 1° 
cos 0° cos1? cos 1° cos 2° cos 88° cos 89° sin1° 
This can be rewritten as 
sin(1? — 0°) | sin(2? — 1?) sin(89? — 88?) 


2m = cot 1°. 
cos 0° cos 1° cos 1° cos 2° cos 88° cos 89° 
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From the identity 


sin(a — b) 
tana — tan b = —————_., 
cos a cos b 
it follows that the left side equals 
89 
` [tan k? — tan(k — 1)°] = tan 89° — tan 0° = cot 1°, 
k=1 


and the identity is proved. 


Example 2.29. (IMO Longlist 1966) Prove that for every natural number n, 








k 
and for every real number x Æ op | —0,1,...,n, k any integer 
: = cot x — cot 2”z 
sin2x sin4zx sing l 


Solution. By the double angle formula for cosine, 
cos 2 y = 2 cos? 271g — 1. 


Dividing both sides by sin2*z = 2sin2*-lrcos2*-lz (which is nonzero for 
the given values of x), 


= cot 2*-1g — cot 2*g. 





k k—1 
cot 2"z = cot 2 £t — — D 
sin 2k r sin 2kx 


Hence, 
n TL 
1 
` ——— = 1 (cot 2 -ly — cot 2*3) = cot x — cot 2” x, 


sin 2kg 


and the conclusion follows. 


Example 2.30. (USAMO 1996) Prove that the average of the numbers 
nsinn?’, n = 2,4,6,...,180 zs cot 1°. 
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Solution. Instead of showing that 


2 sin 2? + Asin 4° + 6sin 6? + --- + 180 sin 180? " 
MEE EE MC c fo cot 1”, 


we will prove the equivalent form 
2 sin 1? sin 2? +4sin 1? sin 4? +6 sin 1? sin6°+---+180sin 1? sin 180° = 90 cos 1°. 


By the product-to-sum formulas, the expression simplifies to 


90 90 
` 2n sin 1° sin 2n? = ` n|cos(2n — 1)? — cos(2n + 1)°] 
n=1 n=1 
90 
= —90 cos 181° + Ss cos(2n — 1)° 
n=1 
90 
= 90cos 1° + ` cos(2n — 1)°. 
n=1 


It now suffices to show that 
90 
X cos(2n —1)°=0. 
n=1 

Using the identity cos n? = — cos(180 — n)°, 


90 
` cos(2n—1)° =cos 1° +cos 3^ +- --+cos 89° +cos 91° +- - -+cos 177° +179° 
n=1 


— cos 1°+cos 3°+- - ---cos 89° — (cos 89° +- - ---cos 3°+cos 1°) 
=0. 


Example 2.31. Evaluate the product 


n 
Dhar 
2 
| | (1- tan zu) 


k=1 
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Solution. Since 












































cos 20 
1 — tan? 6 = 
n cos? 0 
we can rewrite the product as 
ok+1 
n ok n  cos—— 
TT (1-0? EE 
mpl 2r 
k=1 k=1 cos? ———_ 
which is equal to 
COS al COS ET COS E COS Um 
2n +1 2 2n +1 2^ -1 
2 P BS 2 9 2m 
COS ug COS 2541 COS 2 1 COS ma] 
We can cross cancel some of the factors from the numerator to get 
9n1, 
OS ma] 
cos? zd COS Et COS il COS a 
27+ 1 2^ +1 2^ +1 2n +1 
7 1 
À cos — —— cos A COS Pr COS e 
2n] 2” 4+1 2n 4+1 2m] 
because 
gn+ly 9ntl, oT 
COS 9n n 1 = COs (27 = a = COS my] 


Since the double angle formula for the sine gives the general formula 


n—1 sin2r  sin4ár sin 2"z sin 2"gz 
cos x cos2%---cos2" x = — _— oa = na 
2sinx 2sin2zr 2sin 2° +z 2” sin x 











the product telescopes to 


27 T 
2" sin ———— 

Duce. Mona 9n 
mtl ti‘ 2m ^^ 





2" sin 
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Example 2.32. (IMO Longlist 1967) Prove the identity 


2 2k ok 
` (i) (tan =| PA eee? 5 + sec” x 


gyk 
k=0 1 — tan? =| 
( ^32 
for any natural number n and any angle x. 


Solution. This problem relies on binomial coefficients and the binomial the- 
orem, the reader unfamiliar with these should consult the Introduction, or the 
chapter Combinatorial Identities and Generating Functions. For the solution, 
denote 

A — tan? A 


Then 


T L 
A +1 = tan? Ž + 1 = sec? — 
+ an 7 + sec 2 


and by the half-angle formula 


x 
1 + tan? — 
1+A_ 318. 


1 
———— —— = ES : 
1—A 1 _tan2?™ cosa ids 
2 





Thus 
M (tan Ju Ep E - 
k=0 (1 — tan? =| 
2 
— : (i) (tan? =| 1+ 2" 
NA : (1 - tan? z) 
AEQ (+ aaa) XQ x^ d 
mi 3 ‘+ ae 2. k > p^ (1— A)* 
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TRAN 
=(A+1)"+ (4) = (sec? =) + (sec x)” = sec?” 5 + sec" z, 


and the problem is solved. 
Example 2.33. Suppose x £ nn. Let 


49 41 4? A” 
^ cos? gr = cos? 2x = cos? Az poe cos? 2x 
(a) Prove that 

|] 4 1 
cos?r  sin?2xr  sin?z. 





(b) Prove that 
4n*1 1 


— sin?2"g sin? a 
Solution. (a) We have, indeed, 


4 1 1 1 1 — cos? x 1 


sn?2r  sin?r sin?xcos?x sin?x  sin?zcos?x cos? zr 





(b) According to the first part, we have 
dd Ak n 4k+1 4k antl 1 
2. cos? 2kg 2 E 2kkls ^ sip? xz) ~ sin2^lg gin? x 
Example 2.34. Prove that 


[Inten 2 5 =J intan ir 180° 


89 


45 
Solution. Notice that li In tan = has the term In tan T9 = = 0, so 
n=l 


lnt i 
[ten 2 - 0 
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As for the sum, we have 


» In tan — —— = In I tan -o 
NNT 457r 
E 
2 m tan T0 = TL tan 730 wn Sr) 
ie NT (90 — n)r 45r 
=] (jae a 
äi (i ( 180 ^^ 180 ) id | 


Example 2.35. Find in closed form 


ENT sc]. WE sg SE euncod ko. UV 2. Oe 
5 = sin rsin 3z + sin z sin -~ + sin zz Sin gz b---Fsinz sin 5 T. 


Solution. We have 











3x 3 3 
25 = 2sinzsin3z + 2sin 7 sin 7 + 25in 7; sin = +--+-+2sin TE sin i 
T T x 
= cos 2x — cos 4c + cos x — cos 2a + cos 5 CORIO — 008; 
T T 
RU rm Eom 


hence, after cancellations, 
1 
>= 2 (— cos 4a + cos xj ; 
Example 2.36. Find in closed form 


S = cos = 20085700825 ^^ n LE ! cos 5 cos +++ COS =. 
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Solution. As we have seen before, there is a standard evaluation of the 
product that represents the general term of the sum, by using the formula for 
the sine of the double angle. Namely we have 


k eee 
x pH 2j-1 sin x 

lI MR 9j .— lI aont S a a 

fA j=1 2sin 2j 2" sin 2k 
Using the formula for the difference of cotangents, that is, 

sin(b — a 
cot a — cot b = HB 

sin a sin b 


we can write 


EP T 
1 oa (= - IF) x x 
Ej — pog Ec = cot —— 9kri — cot ok: 
9k 9k 9k+1 





sin 


Thus, 
3 9k-1 ll COS — = sin x > (cot — cot x) 
= 9 9k+1 9k 


. T T ee 
sin K3 9n41 — CO =). 


P 


Example 2.37. Prove that 


Pond dr ea uuu E cot x, 
2 2 22 22 on on gn ~~" m 


for x £ km, with k € Z. 


Solution. By using the formula (which we invite the reader to prove) 
tana = cot a — 2 cot 2a 


the sum telescopes yielding the desired result: 


n n 
1 To 1 £ 1 £ 1 
; gk an oe — X gk COU ok — 5-1 OOt oR = 9n cot = — cota. 
k= 
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Example 2.38. Prove that 


tan(n + 1)x 


n 
kz tan(k + 1)z = — 1 
X tan ztan(k + 1)z (n+1)+ E 


k=1 
holds for any real number x 4 mm/2, with integer m. 


Solution. We have 


tan(k + 1)z — tan kx 


tenu cvs gd e eon tan E? 














implying 
1 
tan kx tan(k + 1)y = —1 + (tan(k + 1)z — tan kz). 
tana 
Consequently, 
TL 
e tan kx tan(k + 1)z = se (-1+ zz (tan(k + 1)x — tan kz)) 
k=1 k=1 
1 
= — t ljz—t 
n + T an(n + 1)r — tan x) 
tan(n + l)r 
-ap men 
tan x 
as we intended to obtain. 
Example 2.39. Prove that 
cosx  cos(2z) cos(nz) sin(n + 1)x 
Dees n; DOW ame UE ONIS 
costz X cos^zcz cos” x sin x cos” z 


for any real number x Z mn/2, m € Z. 


Solution. Careful examination of the given result strongly suggests the tele- 
scoping formula 


coskx  sin(k+1)z sin kx 


cosy  sinzcostxz  sinxcos*-!x 





86 Chapter 2. Telescoping Sums and Products in Trigonometry 


for k = 0,1,2,.... Indeed 
sin(k+1)c  sinkz sin(k + 1)z — sin kz cos x 


sinzcos*z  sinzcos*-!xr sin z cos" x 
sin z cos kx cos kx 





sinzcos*r  cos*z 
Now the evaluation of the sum is clear: 


n n e . 
Y cos kx ` sin(k + 1)x sin kx 
cosy sinzcos*z sinxcos*-!z 





. sin(n + l)r 
— sinzcos? x’ 
finishing the solution. 


Example 2.40. Let n be an be an integer with n > 2. Prove that 


n k n gk 
tan E (i x) = cot E (1- x) 

Il 3 3” — 1 Il 3 an — 1 
Solution. Let 
3*-lq 
37 — 1. 
It is easy to see that, for all n > 1 and for all k € N, aj is defined and different 
from any of the numbers +\/3 and +1 f V3. 
Our equation can be written in the following equivalent forms 


Qj, = tan 


V3 + aj 14+ 3a, 
IL ie" IL V3 — ay 





— at 
eI 

k E cd E 

ci Ok 1 — 3a? 

: Ak+1 
"IPM 
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The last one is trivially true since 





d m T 
= T +. 
9^ — 1 39^ — 1 
Note that we used again the formula for the tangent of the triple angle, when 
3Qk zs a? 
e replaced ———= by ag. 
we rep 1 — 3a? y Qk41 


Example 2.41. Prove that 





n 
kr 1 
) (—1)*-! cos = -, 
"e 2n 4-1 2 
Solution. Remember the formula 
( (n — x) 
sin — cos | z + 2 


> cos(x + (k — 1)a) = 
k=1 


After using (—1)/ cost = cos(t + jm) for every term of the sum, we can apply 
this formula here with 


and a= oa 
2n+1 |». 2Mm+1 





LL = 


We will have 


2 kr i kr 
—1)*-! cos — = k—1 
2 ) C082 ET Pez n) 


k=1 





xu n(n 4- lyr a n?m 
2n +1 2n + 1 
(n+ lyr 


Em 2n + 1 
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EM n(2n + 1r m NT m NT 
2n +1 2n+1 _ 2nt+1 _1 
_ (n l)e _(n+1)r 2 
2 sin -————— 2 sin -— ——— 
on 1 On +I 
1 
because sin n7 = 0 and LM + Qum — 7 


2n 4- 1 2n 4-1 
Example 2.42. Prove that for alln > 1 


TT eos ET E 
on -1 Qn 





T 
Solution. Since sin unen is nonzero for 1 € k < n, it suffices to prove that 
n 


n l kr n n 
"iaz e E git LII 


Using the formula sin 2z — 2sinz cos z, the left-hand side actually is 


- kr = k kr 2T 
P e Z 2 . 
Iz liz II ( Dux) 





























Since sin(7 — x) = sin z, we can write 


n 
. kr , ( kr ) 
EM = I] sin 3 I] SN | 7 — 
k=1 "Aii ve 1<k<n, 2|k ce 1<k<n, 2|k+1 Burst 

_ kr . {(Qn+1—k)x 
I] sin 2n 4 1 i I] sin (en , 


1<k<n, 2|k 1<k<n, 2|k4-1 
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When k runs over all odd numbers between 1 and n, the number 2n+1—k 
runs over all even numbers between n + 1 and 2n and the result follows. 


Example 2.43. Evaluate 
» gk- 1 cos 2*- 
sin? 9k-1g - 


Solution. We have 





cost — 2cos! = — 1 | 1 1 
sin^t 4 sina ; ad 5 2 sin? s sin? t’ 
therefore 
ji C05 -1z n 9k-2 9k-1 
D el = lg ge» E 2k-25 sin? =) 
1 9n-1 


E dein? —sin?2n-1gj 
2 
Example 2.44. Prove that for real numbers a and b, with siab Æ 0, we have 
3 — —Á— E SA d nea + nb) — tana). 
um cos(a + (k — 1)b) cos(a + kb) sinb 


Solution. We have 
1 _ 1 sin((a+kb) — (a+ (k — 1)b)) 
cos(a + (k — 1)b) cos(a + kb) sinb cos(a + (k — 1)b) cos(a + kb) 


= —}_ (tan(a + kb) — tan(a + (k — 1)b)), 


sin b 
hence 
n 1 n 
1 (t kb) —t k —1)b 
2, cos(a + (k — 1)5) cos(a + kb) "ad d PE 9) 
1 


= ap tanta + nb) — tana). 
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Example 2.45. (Baltic Way 2014) Show that 


1 
cos(56°) - cos(2 - 56°) - cos(2? - 56°) -... - cos(2 . 56°) = ee 


Solution. Of course, 


23 1 
sin © I] cos 2 y = — sin 24r. 
924 
k=0 


For x = 56, we have 
274.56 =56 (mod 360), 


since it is equivalent to 
7(2% —1)20 (mod 45), 


and this follows either from Euler’s theorem (using $(45) = 24) or from direct 
computation that 5|2* — 1 and 9|28 — 1. Thus sin 27^z = sin z and we're done. 


Example 2.46. Compute, for a given real number z, 
n 
TE 
>. sin 3k sin 
k=1 
Solution. Using the formula 


2 sin asin b = cos(a — b) — cos(a + b), 


we obtain 


sin a sin —- E = l (cos ed COS z ) 
3k 3k 9 3k 3k-1/^ 


We obtain therefore a telescopic sum, with value 


CE: sin = = 5 (cos — cosa). 
2 3n 
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Example 2.47. Evaluate 
Y arctan BIT 
k=0 
where arctan stands for the arctangent function. 
Solution. In the solution we will use the subtraction formula for the tangent 


anit b) tana — tan b 
a — b) = —————s, 
1 + tana tanb 


which gives the formula for the arctangent 


u— vu 
l+uv 





arctan u — arctan v = arctan 


For simplicity, set ag = arctan k. Then 


ana " _  tanag41 — tan ak 
eee NIU 1+ tanagz41 tan ak 
u k--l1—k 1 


IFk(k+1) +R. 


Hence the sum we evaluate is equal to 


n n 
` arctan(tan(ag,1 — ak)) = N (ana — ak) 
k=0 k=0 
= An+1 — 40 


= arctan(n + 1). 


Example 2.48. Prove that 


n 
1 

) arccot (2k?) = arccot ( + 3 
n 


k=1 


92 Chapter 2. Telescoping Sums and Products in Trigonometry 
: 1 
Solution. Because arccot x = arctan (=), we get 
nr 
(2k +1) — (2k — 1) 
D arccot (2k°) => arctan (sa) - 2 arctan e eae 


= S (arctan(2k +1) — arctan(2k — 1)) 
k=1 


= arctan(2n + 1) — arctan(1) 


= arctan Ze el: 
= 1+ (2n+1)-1 

m+ 
= arctan = arccot 








2n 


Chapter 3 


Complex Numbers and 
de Moivre’s Formula 


Every complex number z can be written in the from 
z = x + îy = |2z|(cosu+isinu), 


where |z| = 4/z? + y? is the modulus of z. The most famous formulas that 
help us in dealing with complex numbers are 


e Euler’s formula: 
e” — cosx+isinz. 


e de Moivre's formula: 
cos nz J-isinnz = (cosg + ising)”. 


Using de Moivre's Theorem, we can develop an understanding of roots of 
complex numbers, starting with roots of unity. 
To say that z = |z|(cosz + isin x) is an n^ root of unity means that z^ = 1, 
and this requires 

zl" (cos nz + ésinnz) = 1. 
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To satisfy the requirement, we need |z| = 1 and cosnz = 1. The latter is 
satisfied if and only if x = 2k7/n, where k is an integer. It follows that every 
nt? root of unity is of the form e*, where 


ZA . c 2r Qin 
€ = COs — —-—28in— =en, 
n n 


Let us look at some examples. 


Example 3.1. Ifr and t are real numbers, and —1 < r < 1, show that: 


OO 
l — r cost 
k 
kt = ———————. 
(a) $r SPR 1 — 2r cos t + r? 


k=0 

= r sint 
b k sin kt = ———————————L. 
0) 2. 2 1—2rcost + r? 


Solution. We first prove that, for any positive integer n, 


n—i 
1 — rcost — r" cosnt +r"! cos(n — 1)t 
An = eC A a LLLA TU 
P E > 1 — 2r cost + r? 


and 
r sint — r^ sin nt 4- r"*! sin(n — 1)t 


Bn = k sin kt = 
T dim 1 — 2r cost + r? 


=0 


e 


Indeed, with z = r(cost +isint), we have 


n—1 n—1 
An + iBn = 3 rf (cos kt + isin kt) = » 
k=0 k=0 


1-2" 1-r^*ocosnt — ir^ sin nt 
| 1-2 1-rcost—irsint 
(1 — r” cos nt — ir” sin nt)(1— r cost + ir sint) 


(1 — rcost — irsint)(1 — r cost + ir sin t) 


| 1— rcost — r” cosnt 4- r"*! cos(n — 1)t + i(rsint — r” sinnt + r"*! sin(n — 1)t) 
i ] — 2r cost + r? 
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and the conclusion follows by equating the real and imaginary parts from the 
left and from the right. Because |r| < 1, we have 


lim r"cosnt = lim r^sinnt = lim r"*! cos(n — 1)t 
n— OO n—-Co n— OO 


= lim r^*!sin(n — 1)t = 0; 
NCO 
consequently, 


l1—rcost 


CO 
k . 
qr £d ed AI 


k=0 
and, similarly 


rsint 


CO 
p i 
kt = lim B, = ————————5. 
2; m nao "^ — 1 —2rcost + r? 


Example 3.2. Prove the trigonometric identity 


n 


copies x Y (x) cad (rosa 


k=0 


Solution. From the de Moivre’s Formula we have 


et peny" l c^ fn RE 
costa = (TE) - x (Ee eh 
k=0 


Leani 
c un i(n—2k)z 
7 (i) 
k=0 
=e ae cos((n — 2k)x) 
2n k 


k=0 


To justify the last step note that we started with a real number, so the imag- 
inary parts must cancel out and only the real part of each term contributes. 
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Example 3.3. Let n be an odd positive integer and let z be a complex number 
such that 
na T0 


Evaluate 
ok 
I (2+ 3-1) 
Solution. Let 
n—1 : 1 
Lis g^ uo e 1) l 


Repeatedly applying the identity 


1 1 iy 1 
(a+ iei) (a+ i-i) = (ai) -l=@+— +1, 
a a a a 
we have that 
1 1 1 n- 1 
(2+ 5 +1) Za (2e +1) (2«3-1)- (7 + oer +1) 
z z z x 
n 1 
= < + 9n + 1) ; 
z 
However, from the given condition we have that z% = z. Thus, 


1 1 
(24541) zo (24541). 
Zz 2 


1 
Now, since the roots of z + — + 1 are primitive 6-th roots of unity, they are 
Zz 


not (2” — 1)st roots of unity, and hence 
1 
aor p +1 T 0. 


Hence, it follows that Z,, = 1. 
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Example 3.4. Prove that for all n € N the following is true: 





TU 
kr 
n s -3 
2 | [sin i v 2n + 1. 


Solution. First we prove the following: 
n—1 
k 
I] sin = n. 217^, 
n 
k=1 


i£ —4c 


e 
—— the product is then equal to 
i 


uw iN fw? —w-2\ fw? — w- il yy (0-1) 
( 2i Y( 2i Y( 2i Je 2i 


- (1 u p = w^) em us?) T (1 u ip Anyone DA y inet 


im o. 
Let w = e. Since sin g = 


Since w"/? = i, it remains to show that 
(1—w?)1—w *)10—w9)-..(1—u7?-7) zn. 
Consider the polynomial given by 
P(x) = (£ — w?) (x — w74) (z — wô) eub 


We know its roots are all complex n-th roots of unity except 1, so we must 


have 
ce” — 1 


[apg pose tg, 
r—l 


P(x) = 


Putting z = 1 completes the proof of the product formula. 
Now we may proceed with the problem: We may write the product formula 
we just proved as 





d kr 2 kr zn kr 
Ia TT es dn m hy 
oi 2n 4-1 p 2n 4-1 mim 2n + 1 
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Using sin(a — x) = sin g on each term in the second factor on the left, gives 


[| sin | = Qn 1277. 
mem 2n 4- 1 


Solving for the product gives 


nm 

k 
|| sin T omg 
k=1 








2n 4-1 


as required. 
Prove in a similar manner that 
n—1 n—1 


_ kr kr = Jn 
[[sm_ = IL cos = on-l' 
k=1 k=1 
Example 3.5. For each positive integer n prove that 





2 + cot? a +e + cot? La =) =) 
2n 4-1 2n 4-1 n+1 3 
Solution. Using de Moivre’s Formula we have 











cot? 


(cos a +isina)” = cos ma + isin ma. 
Expanding the right hand side we get 


m E m _ 
)es" ? asin? a + (A) eo" tasinta—--- 


2 


: m = ; m = 
sin ma = (t) eor" l asina — ($e Jasin?a—--- 


cos ma = cos” a — ( 


Let us replace m by 2n + 1: 


2 1 
cos(2n + 1)a = cos*"t* a — ( P cos”! asin? a 
2 1 
see ate ( m ) cos a sin?" a 
2n 
2 1 2 1 
sin(2n 4- 1)a — ( gu ) cos^" a sina — ( p ) cos"? a sin? a 


— ... 4- sin?** a. 
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Hence 
sin(2n + 1)a 2n+1 Bf se 2n+1 WES 
un ee E: — si 
a ( i ) (cot a) 4 (cot^ a) zz 
The equation 
sin(2n 4-1)a -— " 


sin?^*lg 
viewed as a polynomial equation in z — cot? a has solutions 


kr (Q2n+1—k)x 
— cot? — cot? S—— — 
Spree ANE on 41 ^ 





k 
because o = ERI are the solutions to the equation sin(2n + 1)a = 0. 
n 


Using the relation between the solutions and the coefficients, we obtain 
2n +1 
UN E 
2n -1YV- 
1 


Lı + T2 +: + TEn = 











Thus 
T 21 n(2n — 1) 
t? - t? ———— "PP t^ SS — 
= ER nd ub 2n + 1 3 

and we are done. 
Example 3.6. Prove that 

1 1 1 

4n +2 4n +2 n Sun 


for every positive integer n. 


Solution. Let 


2n+1 2n 4-1 
P(z) = (z fh jj = y ( Mota 
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For real z, the real part of P(z) is 
A (2n + ie k „2k+1 
=> i = zQ(z^) 
where 
8 k 2n +1 k 
ae) =D (t1): 


Now, for p € {0,1,...,n — 1}: 


9 +1 9 +1 2n+1 
P (cot un) = (cot timi) 
ven P eden p) 
4n + 2 4n 4- 2 
n2n+1 Pil, 


+2 
2p +1 _. 2p 1 
2 

















T 4«-snn 


annt dua 
An + 2^ 
[D 


2p 4-1 
2n+1 
sin 4n +2” 


2p+ 1 u 
Re (P (o 3 2 r) | =Q. 


2 1 2 1 
t pt rQ (co pt r) =0 


COS 


i 


hence we have 


Consequently, 








"4k 42 4n 4-2 
for all p € (0,1,...,n — 1] and then 





2 1 
Q (cot? Etin) cu edo asses 
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2 1 
This shows that the numbers cot? D T m with p € (0,1,...,n — 1) are the 








+2 
n distinct real roots of 
n 
-Y icon 
ms 2k 4-1 
so that their sum is 
2n 4-1 
E rp L ~\on-1 
cot? = —_—__+ =n(2n+1 
E" 4n +2" n 4-1 nonc 
2n —- 1 
and since 
= = cot? x + 1, 
sin’ z 
we get 
n—1 1 
—-0 sin’ Å= 
ida 4n 4- 2 
as desired. 


Example 3.7. Prove the identity 


k— 

ni (m n n 27 QJn NİT 

Y G-«G€G-- 2» 7 gos T, 
l=0 (mod k) = 


Solution. Let €9,€1,€2,...,€& 1 be the kth roots of unity, that is 
2j 2j 
Ej = cos = + isin =", j—09,1,...,k-— 1. 


An important fact about roots of unity is that the sum ej + &$ +: + eż is 
equal to k if k divides s, and 0 otherwise. Indeed, if k divides s, then each 
term in this sum is 1 and the sum is k. If k does not divide s, then the sum 
is a geometric series and we have 


EU] ees 
dedere odere dre UD oa 
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We have 
k-1 n k—1 LE! m 
> +65)" r= (7) Se ue i 
j=0 s= j=0 j=0 
Since 
L+ ej = 200827 (cos ÍT + isin ZT), 


it follows from the de Moivre formula that 


k—1 k—1 ; : 
2 (1 +e)" = 2” y cos” 7 (cos 2 isin t) 


Matching the real parts we get the desired result. 
Example 3.8. Let n be a positive integer, €9,...,€n—1 be the nth roots of 
unity, and a, b be complex numbers. Evaluate the product 


n—1 


| (e + bez). 


k=0 


Solution. By definition, €9,€1,...,€n—1 are roots of the equation z” — 1 = 0, 
over the complex numbers. Therefore by the factor theorem we have 


n—1l 
[| (@ - ex) =2"-1. (1) 
k=0 

Let z be a solution of the equation z? = == 


Then, in an effort to use (1), we write 


n—1 n—1 7 n—1 
[e = Heo (5 -4) =o Te - 9b 


n—1 
= (—b)” | [ (z - ex) The ten 
k=0 k=0 


Chapter 3. Complex Numbers and de Moivre’s Formula 103 


= 0" [e-e c2 - en) 
k=0 k=0 


SO (ae) sem eal eo eue epa 


To simplify the (—1)" terms in the above expression, we consider cases of the 
parity of n. 
If n is even, that is n = 2m for some positive integer m, then we have 


n—1 


[ort = 0? (24 — 222" 4.1) = 7 (C5 - (-£) $ 1) 


k=0 
= PAL E 2a™(—b)™ gie p2m == a” u Gp) 


If n is odd then 
n—1 en 
[[( + be?) = b"(—27" +1) = 8" (- (-5) + 1) =a" +b". 
k=0 
Thus, ; 
Tja be) = (a3 — (-5)8) if n is even 
= 
k—0 a” +b” if n is odd. 
Example 3.9. Prove that 


29 


2 wal 6k +1) | = —30V3. 


Solution. For easier writing, let 


Ap = (12p + D and bp = (12p + a= 


180 180 


Note that tana, and tan b, when p € {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14} 
are pairwise distinct. 
Let 


104 Chapter 3. Complex Numbers and de Moivre's Formula 


be a polynomial of degree 30. 
We have 


Re(P(z)) 


_ zor 


2. a 2 d [p] ho er 


where Re(w) and Im(w) denote the real part and the imaginary part of the 
complex number w. 
We have 


)?  cos30a,--isin30ag, | v3-i 
(cos a, )90 E (cos a,)99 .— 2(cos a, )30 


COS Q isina 
P(tan ap) = Ca p 


meaning that 


Re(P(tan ap)) 3 
I ) 


m(P(tan ap)) 
that is - 
30 k 2k 
2. (S) Cn (tan ap) 
14 = v3. 
2k+1 
3 P ii jc )*(tan ap) 
Thus 


Y is (-1Y (tan ap)? vay a Ae : ME (tan a; 2. = 0. 


k=0 


Now, for bp, we can compute similarly 


(cos bp -isinby)? ^ cos30bp+isin30b, V3+i 


T = e ee Eu M cu ee ee 
tam bp) (cos bp )99 (cos b, )90 2(cos b,)90 " 


therefore Re(P(tanb,)) 
e anby)) - 
Im(P(tanb,)) — v3, 
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and, again 


> alc 1)*(tan bp)?* — V3 ix 1 n Jc j“ (tan bp) "e. 


k=0 


Thus we have seen that the polynomial 


15 30 int = 14 
= r2 1)* g2ktl 
Q)- 5, (Cv : p2 i - JED 
= — 739 — 30/3029 4... 


has degree 30 and the numbers tana, and tan by, p = 0,1,...14 are 30 distinct 
roots of Q(x). So 


14 


(12p + 1) 
3 tan(12p + ag mns 


ar 180 


is the sum of roots of Q and, by Viete's relations, it is 30/3. Consequently 


tan ( (6k + N=) = —30V3 


follows, because the numbers ap and b, together are precisely the numbers 
(6k + 1)7/180, k = 0,1,..., 29. 


Example 3.10. Find the sum 
2 IT 
»- 180 30° 
Solution. We have 


(cos xz + isin x)" = cosng + isinne 


=> (l+itanz)” = 





1 T 
ong (COS nz + isinne), 
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or 
TL 
1 
` 8 i^ tan" £ = (cos nz +isinnz) 
k cos” x 
k=0 
for any positive integer n. Replacing here n = 180 and x = am yields 
TL 7 
1 —1)) 
`o " NiF tant 27 = ——— (cos jr + isinjr) = Eug 
k=0 i in cos" = cos” a= 
i 180 180 


for j = 1,2,...,89. 
Thus the imaginary part of the sum from the left is 0, that is 


89 | 
180 jm 

—1)? t 2p+1 x4. 
2 (70 Bon , ano — 180 


p—0 
89 ; 
180 jm 
e V Giy tan?P 2 — = 
24 arn An^ SO 7 


since tan an Æ 0 for 1 < j < 89. Thus we found that the distinct numbers 


tan? 1 n m j =1,2,...,89 are the roots of the 89th degree polynomial 


Y cay bo i^ 


therefore their sum is 


180 
Y jm J 177 = 15931 


180 — (180 || 3 
179 


Chapter 4 


The Abel Summation 
Formula 


The next result we want to present is the famous Abel Summation Formula. 
Let a1,02,...,04, and bj, b2,...,bn, be two finite sequences of numbers. Then 


a104 + agbe +--+ + anbn = (a1 — a3)b1 + (a2 — aa)(b1 + b2) + 
T (an—1 a An) (b1 posae b 1) + an (b1 accel bn). 


Example 4.1. For 


1 1 1 

Pede ud ete 

f(t) 21- gone ne 

(with positive integer t) prove that 
n 
1 
» (2k + 1)f( k) = (n +1? f(n) - ED, 

k=1 


Solution. Define f(0) = 0 and g(k) = 2k + 1 for 0 < k < n. By the Abel 
summation formula we have 


n—1 J 


2 (2k +1) f(k) = 5 ok) f(k) e) à (E) =) QUED 0) > 90. 
k=1 k=0 =0 


j=0 k=0 
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But 
j j 1 
d_9(k) =D 2k+1)= G41)", and fG+1)-fG)==5, 
k=0 k=0 J 
SO 2 
2 9(k) = (n +1)? 
k=0 
and J 
n— j n— 
N (G+) -FONA glk = SOG +1) = a, 
j=0 k=0 2! 


and we are done. 


Example 4.2. (Abel’s inequality) Let bj > --- > bn be a nonincreasing se- 
quence of nonnegative real numbers and let a1,...,a4 be real numbers. Assume 
that m, M are real numbers such that 


m < ai +: ag X M 
for all 1 € k <n. Prove that 
bim < aibi +--+ + anbn < bM. 


Solution. Let Aj = a1 +--+ ag. By Abel’s summation formula we obtain 
(with the convention 54,44 = 0) 


ajo, +---+ a4 bg zS dd (bk — bk+1). 
k=i 


Since by assumption bk — by,1 > 0 and m < Ak < M, we obtain 


n 


N m(b. — bk+1) < X Ak (bk — bk+1) < e M (by — bk+1)- 


k=1 k=1 


Both sums appearing in the extreme terms are telescopic and reduce to bi, 
respectively Mb, (we recall that bn+1 = 0). The result follows. 
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Example 4.3. Let o : N* — N* be an injective function. 


Prove that for all n € N* 
Y xy 
k=1 


k=1 


md 


Solution. The inequality becomes 
TU 


Y (SS -i)ze 


k=1 


k 
If we set Aj = AA the the injectivity of ¢ implies A1A2--- Aj > 1 for all k. 


From the AM-GM inequality we obtain 


k 
NOA ak eee ee k, 
2-1 


Applying the Abel summation formula yields 


Ad Z 1 1 
Sees ses aman ay anes UN) Oe a) Coe Care eee E, M 
D k — 1) PES 3r 1 HA2 +: Ak k) 


1 
v AtA E An) 
Each term of the sum is positive so we are done. 


Example 4.4. Let 21, 22,...,2n,Y1,Y2,---,Yn be positive real numbers such 
that: 
(i) ziyi < T22 < +++ < Zaun, 
(ii) xti +£2 +: + aR [yi tyot-- typ, l<k<n. 
Prove that 
1 1 1 1 1 1 
"LECCE wepeec occuper E 
Ly Tn yı y2 Yn 
Solution. Let 


Sk = (£1 — Y1) + (£2 — yo) +: + (Tk — Ye) and zk = ——. 
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Then, we have Sk > 0 and zy — zy41 > 0, for any k = 1,2,...,n—1. It follows 
1 1 1 1 1 1 
Ti £2 Ln yu v Un 


1 1 1 1 1 1 
St ec a esa ee II epe — 
Tı yı T2 Y2 Tn Yn 


Y- 2i Y2- 72 |... Yn — *n 

2 S1 1212 LnYn 

= —S 121 — (S2 — 91)22 — ++» — (Sn — Sn-1) Zn 

= —O1(21 — 22) — So(22 — 23) — ::: — Sp_-1(2n-1 — Zn) — Sn2n < 0, 


with equality if and only if Sk = 0, k = 1,2,...,n, that is, zy = Yk, 
E19 cost 


Example 4.5. Let 231 > 22 2...» Yn > 0 and yy, yo2,..., Yn > 0 be two 
sequences of positive numbers such that 


U1U2::- Uk > 2122--:: xy for all 1 € k € n. 


Prove that 
Yı Y2 +: Gic LQ +: + Ln. 


Solution. Combining the hypothesis and the AM-GM inequality, we obtain 


2 LAY ERE See EIL MM LA NE 
41 122 Tk V T122: Tk 


On the other hand, Abel’s summation formula yields (we let £n+1 = 0) 


n n 
k 1 2 k 
Yı F year+ Yn = ` m ‘Lk = 1 (fk — Zk41) (B. Be. +B). 
Ec] Ck "er Ly T2 Tk 


By assumption £k—z£k+1 > 0 for 1 < k < n, which combined with the previous 
observation yields 


n 
1,89 k 
Vi ya do Yn = > (Tk — Tkt) (B+ B+. +H) 
met T1 T2 Tk 


n 
2 k(te — 2k41) = z1 +22 ++ En 
k=1 
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and finishes the proof (for the last equality Abel’s summation formula was 
used once more). 


Example 4.6. Let a1,02,03,...,04 be positive real numbers such that 


0102:** ak 2 (2k)! 


for all 1 € k € n. Prove that 
1 1 


1 
WIND Urano On 





ay 032 t:i E042 


Solution. We choose y; = ak and 


1 1 1 


“k= Qk-1)9k 2k—1 2k 


in the previous exercise. We clearly have z1 > z9 > +- > £n and, by hypoth- 
esis, 


Y1Y2 Ue = 0102 ttak È m E Ta aLa oL LoL ek 


for every 1 € k <n. 
So the result from the previous example applies, and we deduce 


Yı Y2 +::: +H Yn Z T1 3X2 occ Ln, 

















that is, 

1 1 1 1 1 1 
Oa Gap a ale eg ea eT Hg. 
See "xit =) 
1 2 3 4 2n —1 2n 2 A 2N 
d ee N 1 1 1 1 
ERE UE EE m x-i*i* ei) 

1 1 1 

Eq 3:2 naa 


as required. 
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Example 4.7. Let aj,...,a4 be real numbers such that aj -- --- -- ay € k for 
1<k<n. Prove that 

E up a 

1 2 m 


Solution. Let A, = a4 +---+ a,x, thus by assumption Ay < k for 1 € k € m. 
Abel's summation formula yields 


bntES e$) 


Applying once more Abel's summation formula for the last sum, we obtain 


n—1 1 
1 "T 
Q6 77i) = D 
Thus iol 1 
a On, 
pur ber gia up ne E 
"EL Jump T ur. 
as desired. 
Example 4.8. For all a1,a2,...,04, b1,b2,...,bn such that O < ay < ag < 
€ an, 0 < bı < b2 < +--+ < b, and 


k k 
Ja E Y b keL 
i—1 1] 


we have 


it^ 


Solution. By using Abel's summation -— we have 


n 
2 
2 (bi — ai) "Marx (b? =a?) 
1=1 
n—1 1 
a? 
J) 
TET Le i) Lie zu) 


=1 





k 








(b2 — a?) 
1 


i= 
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Example 4.9. Let bj > 09 >--- > bn > 0 be a nonincreasing sequence of 
nonnegative real numbers. Let aj,a2...,Qn be real numbers such that 


Q1 +agt+---tap> bi +bo+---+ by for all 1€ k € n. 


Prove that 
arduo peeta, mq deed be. 


Solution. We will prove the stronger inequality 
G101 + agbo +- + anb > be + be 4+.-.4 62. 


To see that this implies the desired result, one can use either the Cauchy- 
Schwarz inequality or add up the inequalities 


az + bz > 2akbk for 1 € k € n. 
For Sk = a; +a2+---+a, Abel's summation formula yields 
a101 +--+ + anbn = (bı — b2)S1 + (b2 — b3)S2 +--+ + (b 1 — bn) Sn—1 + bn Sn. 
By assumption bı — 5b5,..., 54, 1 — bn, bn are nonnegative and 
Sk > bi tbo be for l <k <n, 


thus 
aibi +---+anbn 2 (b — bo )by as (bo — b3)(b3 + b2) 


+--+ (bs — bn) (bi + +++ + bn-1) + bn(bi +--+ + bn). 


Applying once more Abel’s summation formula to the right-hand side, we 
obtain 


(bi — ba)bi + (b2 — ba)(b1 + b2) +--+ + (bn-1 — bn) (by +--+ + bn-1) 
+ bn(b1 +++++ bn) = bf +05 +- o b, 


yielding therefore the desired inequality 


ayby + agbe +--+ + anbn > b? + bo +--+. +62. 
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Example 4.10. Let aj,a2,...,an be positive real numbers such that 


k 
a > Vk for every k =1,2,...,n 


i=l 
Prove that 
n 
1 1 
X az l+- 9t T — |]. 
n 
k=1 


Solution. We use the previous example, by choosing bg = Vk — Vk — 1 for 
] € k € n. We have, indeed, 


1 1 
T CR ET 
MO EG ELE ARE pe es 


for 1 < k < n — 1 and, by hypothesis, 


k k 
Soa > Vk => bj 
1=1 gez] 


for 1 € k < n. Thus the conditions are fulfilled to apply the result from the 
previous example, and to infer that 


TL n 
TE 
k=1 k=1 


But we also have the inequalities 


1 
EAS a a ee 


for k = 1,2,...,n. Thus, 
n n n 2 n 
1 1 1 
2 2 
ya R> D(z) > a 
k=1 k=1 k=1 2vk A k 


which is precisely what we intended to prove. 
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Example 4.11. (IMO Longlist 1976) Let ao, a1,...,@n,@n+1 be a sequence of 
real numbers satisfying the following conditions: 


ao = Anti = Q, lak-1 — 20k + aki <1 (k =1,2,... ,n). 
Prove that 
k(n 4- 1— k) 
2 


Solution. If we substitute aj 1 — ak = by. 1 so that the hypothesis becomes 
[bk — bk+1| € 1, we have the following two identities (actually some Abel type 
formulas): 


lax| < (k — 0,1,...,n-- 1). 











k-1 
—ük = y» + 1)(b; — bi+1) + kb; 
i=0 
and 
n—1 
ak = X (bii — i) (n — i) + (n - k - 1)b 
i=k 
We have 
(n+ 1)lag| = |kag + (n — k + 1)ay | 
n—1 k— 
= |k 3a =b) - (n—k+1) x (i+ 1)(bi 6t) 
i=k =0 
yer eee renee ee ee eae 
_k(n-k+1)(n+1) 
nia Sean. 
Example 4.12. Let a, > a9 > --- > an be a nonincreasing sequence of real 
numbers. Let £1,...,£n be real numbers such that 
zi-- 22-5 x40 and |zıl+ |xo|+---+ lrn] = 1. 
Prove that 


— a 
la121 zn SEL p < ar 
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Solution. Define Sk = z44----4-z,, then Abel’s summation formula combined 
with the triangle inequality and the equality S, = 0 yield 


[aizi +--+ + An2n| = 





n—1 
3 (ak — an41) Sk 
k=l 





n=] 
< 5 | [Sk| - (ak — a1): 
k-1 


Since 
n—1 


N (ak — ük41) = 01 — dn, 


k=1 


1 
it suffices to prove that |.S;| < ; for 1<k<n-—1. On the other hand 


[Sk] < max >. Tj, ` (—2;) , 


j&€k,r;20 j&k,rj«0 
since |a — b| < max(a, b) for a,b > 0. It suffices therefore to prove that 
1 1 
È m$g and D (555 
j<k, x5 20 jEk,rj«0 


for 1 < k < n. For this we may assume that k = n (as in this case the sums 
we are dealing with are maximal). But the hypotheses of the problem become 


D» dp Gaye $ +% (-z;)=1, 


2,20 z«0 z;20 z;«0 


$ t= 5 (-2;) = 5 


2,20 zj«0 


which yields 


as needed. 


Example 4.13. (Russia 2000) Let —1 < zi < 12--- < Zn < 1 be real numbers 
such that 
ep tay te tap =a + agte + an. 


Prove that if y1 < yo < --- < Yn are real numbers, then 


cy, +--+ Llyn < cry t+ coyo +--+ Yun. 
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Solution. By Abel’s formula we have 


Yul! 3 — xi) = (y1 — y2)(zl? — z1) + (yo — ys) (zl? + 25° — z1 — z2) +- 


+ (Yn-1 — Yn) (Sa - Ya) + (ya Ya. 


Since Yk — Yk+1 < 0 if we prove that 


k 


k 
X Com —2;)>0 or » n —1)20 
i=1 


i—1 


for all k € n proof will finish. 
If £z € 0, then once again by Abel’s formula we have 


y n — 1) = (xı — 22)e1 + (22 — 23)€c2 +--+ + (Lk—-1 — Tk)Ck—1 + TkCk 


where 


Since —1 € x; € 1 we have 


" 
X r <r or cr <0. 
i=l 


Thus since we assumed z; < 0, every term in above sum is non-negative. 
If x, > 0, then z; > 0 for alli > k+ 1 and hence 


n n 
) Li = X 4: 
i=k+1 i=k+1 


But since we assumed 


zl x 4...4 033 E E EA 
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Example 4.14. Let A be a finite set of positive integers such that for all 
different nonempty subsets B,C of A we have 


zcB LEC 
Prove that 
1 
So <2. 
acA E 
Solution. Let us order the elements a4 < --- < a, of A and let us fix 
k € {1,2,...,n}. By assumption two nonempty subsets of {a1,...,a,} have 


different sums. There are 2" — 1 such subsets and a, +---+ aj is the maximal 
sum, thus necessarily 


üt dcs oO Sal E 
Letting bj = 2*-1, we obtain 
Qj +: + ak > by +--+ dy 


for 1 € k € n. On the other hand, it is clear that a,b; < --- < anbn, hence we 
can apply Example 4.4 and obtain 


um p ces p Lp + : —2|1 : «2 
di an ~ bi b. 2 9n-l — gn i 


as needed. 


Example 4.15. (USAMO 1982) Prove that for all x > 0 and all n > 1 we 
Bil iz] [20 [na 
T T nr 
| LM RA 
Epod nempe 
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Solution. We will prove the result by induction, the case n = 1 being clear. 
Assume that the result holds up to n — 1 and let us prove it for n. Fix a 
nonnegative real number z and define 


We are asked to prove that a, € |nz|. By Abel summation, we obtain 


Yl] = 5 Ho = Nan — ye 


k=1 


By the inductive hypothesis we have aj < |kz| for 1 < k X n — 1. Thus 


Nan < X lke] + Ske, = nz] + §~(lkz + | (n — k)z |). 
k=1 k=1 k=1 


On the other hand, for all real numbers z, y we have 
iz] + ly] < Ix +y], 
as this reduces to the obvious inequality 
Liz} + {y}] 2 0, 


where {x} = x — |x| > 0 and {y} = y — |y] => 0 are the fractional parts of x 
and y. Thus we obtain 


Nan € |nz| + (n — 1)|nz] = n|nz], 


which yields the desired result. 


Chapter 5 


Mathematical Induction 


Mathematical induction can be very useful for proving statements (like iden- 
tities or inequalities) when they depend on some positive integer. A proof by 
mathematical induction has two important parts. The first is the the base 
case: showing that the statement is true in some initial case. The second is 
the inductive step: checking that if the statement is true for one case, then it 
is also true for the immediately following case. 


Example 5.1. Prove that, for any positive integer n, 


: T n(n + 1)(2n + 1) 
ac ae 


Solution. This is a quite simple exercise. We have already seen a proof in the 
introduction, and now we give it as an example for the inductive method (and 
for the beginners). If P(n) denotes the statement of the problem, we have 


1-2-3 

a 

which is clearly true. We still need to show that P(n) > P(n+1); that is, we 
need to get from 





P(1): 1° 


S edid cg iua ee 
6 
k=1 
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that 
n+l 
Yk = 1? 42 4... 40? 4 (n+ = Maat) ne Cay 
k=1 i 
Indeed, we have 
a n(n + 1)(2n +1) 
Sh? = 329 t (n 4 1)? = ee (ns p 
k+1 k+1 
— (n+1)(n(2n + 1) + 6(n + 1)) 
i 6 
— (n4 1) (2n? + 7n + 6) 
mE LS 
— (n+1)(n+ 2)(2n + 3) 
Epor 


Note that knowing where we want to arrive is always helpful; for example, it 
helps for the last factorization. 


Example 5.2. A formula exists for the alternating sum of the first n squares. 
Prove that 


y (0f? = (— ayn le ul 1) l 


2 
k=1 


Solution. To verify this for n = 1 is easy, hence we prove that if the equality 
is true for some positive integer n, then it holds for n+ 1, too. We have 


Senen = y (0-1 + (-1)"(n + 1)? 
=1 =1 
| x Cap ine) t (-1)^(n +1)? 
= (-1)"(n+ 1) (-z +n+ 1) 
- capt Dea 


as desired. Can you telescope this sum? 
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Example 5.3. Prove that 


Dhl iPr] 


k=1 





where |x| represents the integer part of the real number z. 


Solution. For n = 1 both sides are equal to 0. If the equality is true for n, 
then it is true for n + 1, too, since 


n+1 n 
k k n4 1 n|in-cl n 41 
>i ie? aa ee ll ead ex 
k=1 k=1 
n+1 n no-1||n--2 
-Pr ea [|I] 
We used, for the last equality, the property |x| +p = |x + p], for any real 


number z, and for any integer p. 
Did you see the telescope? Basically we have 


S-AU- EE- ae] 


We invite you to prove in a similar manner that 


Dal- PR EEE 


for any positive integer n. 
































Example 5.4. Prove that for a prime number p, and any integers 
T1, T2, ..., Zn, we have 


(£1 +22 +: + En) =? +r +++ (mod p). 
Solution. First we have 


p—1 

(£1 tao” = a + x$ + ) (P) = =q] +5 (mod p), 
: J 
j=l 
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because every binomial coefficient (5) with 1 € j < p— 1 is divisible by p. 


Indeed, 
(^) DD SE) pog 
j J! 
and we see that the factor p from the numerator cannot be cancelled, whence 
the conclusion follows. Thus we have our result proved for n = 2 (while for 
n = 1 it is obvious — no proof needed). Assuming it to be true for n arbitrary 
integers, we prove it for n + 1 integers: 


+ 
=g +a + +ah ttn (mod p) 


by using successively the cases of two and n numbers. 
Some remarks can be made about this (not very complicated, although use- 
ful) result. First, the same type of induction is often used in mathematics. 
For instance, one can prove by the same approach the generalized triangle 
inequality 

hita Ra| Slay) | Za) cs ER S 
for complex numbers 21, 22,..., Zn (after proving that it holds for n = 2). Or, 
you can show that the determinant of the product of à number of matrices 
equals the product of the determinants of those matrices (once you proved that 
this true for two matrices). Or, somehow similarly, the reader can generalize 
the first congruence to 


(x + y)? =g” py” (mod p), 


for integers z and y, and positive integer 7, and so on. 

Second, note that Fermat’s “little” theorem (stating that n? — n is divisible by 
p for prime p and integer n) follows immediately from this result. It is enough 
to consider the above congruence for zj = £2 = --- = Yn = l, and we get 


nP =n (mod p), 


for each positive integer n. The same congruence is actually true for any integer 
n (think how) and is very useful in number theory. Also, if n and p are 
relatively prime (or, equivalently, if p does not divide n) we have 


nP-!z1 (mod p). 
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Example 5.5. For a positive integer n > 2 prove that any positive integer m 
with 1 < m < n?, m £ 2 and m x n? —2 can be expressed as the sum of some 
different numbers from the set (1,3,...,2n — 1) (consisting of the first n odd 
positive integers). Also prove that n? — 2 does not have this property. 


Solution. We use induction; for n — 2 both results are obvious: we have 
1 = 1, 3 = 3, 4 = 1 + 3 and 2 cannot be written as the sum of some different 
numbers from the set {1,3}. Also, for n = 3 we have 1=1,3=3,4=3+1, 
5=5,6=5+1,8=54+3,9=5+4+3+1, while 2 and 7 = 3? — 2 cannot be 
expressed in the required manner. 

Now, the checking being made for n = 2 and n = 3, we assume that n > 4 
and that any number from 1 to (n — 1)?, except 2 and (n — 1)? — 2 can be 
expressed as a sum of some distinct numbers from the set (1,3,...,2n — 3]. 
Consider any 1 < m < n?, m Z 2, m £ n? — 2. 

First, if m < 2n — 1 we have either the representation m = m (when m is 
odd), or m — (m — 1) -- 1 (if m is even but not 2). Notice that we assumed 
n > 4, which ensures n? — 2 > 2n — 1. 

In the second case, suppose that 2n < m < n? and m Æ n? — 2. We then have 
1 € m — (2n — 1) € (n — 1)? and m — (2n — 1) z (n — 1)? — 2. If, further, 
m Æ 2n + 1 we also have m — (2n — 1) Æ 2 and all the conditions are fulfilled 
to apply the inductive hypothesis in order to infer that m — (2n — 1) is the 
sum of a few different odd numbers from 1 to 2n — 3. Then, of course, m will 
be the sum of these numbers and 2n — 1. Finally, for m = 2n + 1 we have 
2n + 1 = (2n — 3) + 1 + 3; again by the assumption n > 3 this is a good 
expression of n, because 2n — 3 » 3. 

The second statement is obvious. If a subset of {1,3,...,2n—1} has sum n*— 2, 
then the complementary subset would have sum 2, which clearly cannot occur. 
This is problem 1786 from Mathematics Magazine. The interested reader can 
find a slightly different solution by David Nacin in the same Magazine from 
February 2008. 


Example 5.6. For positive integers k and m and complex numbers 
Q1,02,...,Qq« we define 


k 
9(01;5:5, 0g HR). = `“ (Sp) (x: a: 
} 


OASC{I,....n ics 
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n—1 
] k 
zA O o Gad 
j=0 1X31«--«14—;€n 


Then we have 


0, k «n 
nla102-:-:a4, kK=n. 


$(01,...,05; k) = 
Solution. For n = 1 this is clear, for n = 2 and k = 1 the identity is 
(ay F az) — (ay + az) = 0); 
while for n = 2 and k = 2 it says that 


(ay + a3)" — (a? + a) = 20102. 


We assume the result to be true for n numbers and we prove it for n+ 1 


numbers. 
We have 


k 
S13 Undc) = ` (1) 95919) (Y «| 


(S C (1,...,n4-1) ics 


= >» (UD (Sa) 


(0::S C (1,...,n) ics 
k 
+ epee (>: " tanni) 
SC») ics 


by splitting the sum into two sums, the first corresponding to subsets of 
[1,...,n +1} that do not contain n+ 1, and the second sum having terms 
that correspond to subsets of the form SU {n+ 1] with S C (1,...,n] (thus 
to subsets that contain n + 1). In the second sum there is one term corre- 
sponding to the empty set (which we isolate), and for every other term we use 
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the binomial formula; then we change the order of summation. Thus we get 


k 
SG: UNS Ger (Za) 
} 


(0S C(1,...,n ics 
k DM j 
+ OY coms Coi (Za) WENA 
04SC{1,...,n} j=0 ies 
k 
= ` Ape (x: «| 
(02:9 C(1,...,n]) ics 
J 
M6 Ja AN ` (—1)"15l (Za) +(-1) apar 
OASC{1,...,n} ics 


Now we note that the first sum and the terms corresponding to j — k in the 
second sum cancel each other; also the terms corresponding to j = 0 in the 
second sum and the isolated term (—1)"a* 41 together form the expression 


TV — i T n 
ke D a a 
SC1I1,...,n) r=0 


hence we only remain with 


Blanca -EC pe abd > que (Sa) 


=] (0::S C (1,...,n) ics 
1 
-X( Jai TR (01552550937): 
j=l 
If k « n 4- 1, then every term in this sum has 7 « n and hence vanishes by 


the inductive hypothesis. Thus we get a sum of 0. If k = n + 1, then the only 
non-zero term is the 7 = n term, which equals 


n-41 
( " Jaseintas tt An = (n+ 1)!ai '** An4+1, 


as desired. 
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Example 5.7. Let a9 = a, = 1 and 
2 2 
a a 
anyi =14+—+4+---+—4 
ao 





Qn—1 
for n > 1. Find an in closed form. 


Solution. We see, by using the recurrence relation, that a9 — 2, a3 — 6, and 
a4 = 24. Therefore we have good reasons to guess that a, = n! for all positive 
integers n, and we prove this statement by inducting on n. We are left with 
proving that, if a, = k! for every k € n, then ani, = (n + 1)!, too. Note that 
the recurrence relation also gives us 








2 2 
a ar 4 
an — 1 + ZL + . o o + n ) 
ao An—2 
consequently 
2 
TL 
An+1 = An + , 
Qn—1 


for every n > 1. By the assumption we made we have 


(n)? n! 


and our claim is proved: we have an = n! for every natural number n. 


Example 5.8. Let xı = —2, x2 = —1 and 


n41 = Vn(rz2 + 1) + 2£n-1 
forn > 2. Find £1 + £2 + --- + £2009. 


Solution. One sees that x3 = 0 and z4 = 1, thus one may guess that £n = 
n—3 holds for all positive integers n. We prove this by inducting on n; assuming 
that the result zj = k — 3 is true for all k < n (in particular z, = n — 3 and 
In—1 = N — 4), we will have, by the given recurrence formula, 


Inti = /n((n — 3)? +1) + 2(n — 4) 


= Vn? — 6n? + 12n — 8 


—n-—2-í(n41)-3, 
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completing the proof. 
In this situation z; + £2 +--+ 19999 = 2009 - 1002 = 2013018 follows quickly, 
doesn't it? 


Example 5.9. Find the positive real numbers z1,22,... that satisfy 
zl--z2 HH = (titat Han) 
for any positive integer n. 


Solution. We have x? = x? (for n = 1) and zı > 0 yielding x; = 1. Then, for 


n = 2, we get 
1 + z3 = (1 + 29)? & 23 — 23 — 213 = 0 & z2(z2 + 1)(z2 — 2) = 0, 
hence (being positive) z9 = 2. These results, and the well-known identity 
HH 0$ (0.2 ny 


are good reasons to believe that x, = k for all positive integers k. Supposing 
that this is true for every k € {1,2,...,n} we will have (by hypothesis) 


1? 2? En? t ahg = (12H Nn H any) 
n(n 4- 1) V* n(n 4 1 : 
=> Bue +2344 = OT ole 
2 2 
e 22,1—22,4— n(n4 1)z441 =0 
€ In41(Ln41 + n)(zn41 — (n+ 1)) = 0, 


therefore z444 = n + 1 follows, finishing the inductive proof. 





Example 5.10. Let a1,a5,...,a4 be distinct positive integers. Prove that 
2n+1 
af +a +- +a? > z (01 +az +: + an). 


Solution. The statement is clearly true for n = 1 (it becomes a? > aĉ), so let 
us assume it holds for any n distinct positive integers, and prove it for n+ 1. 
Thus, we want to show that 


2n 4-3 





ai tast+:::+a%+02,,> (a1 4- a3 +--+ + an +Gn41) 
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is true for any n + 1 distinct positive integers a1,a2,...,@n4+1. Due to the 
symmetry we can assume that a1 < ag < *:: < an < Qn44. 
We have, by the induction hypothesis, that 





2n 4- 1 
ay + ag +-+-+ a, = — — (m t a2 b cb 08). 
If we could prove that 
2 2n 4- 3 
7 ne o 3 (a1 a2 +++ + an) + nal, 


adding these inequalities would yield the desired conclusion. 
Thus, it remains to show that 


2 2n 4- 3 
nis 3 (a1 + 2+ +--+ an) + Sant, 





for any positive integers a, < a2 <--: < Qn < Gn41. 
Because they are integers, the above inequalities actually say that 


An4+1 Z An +1, an+1 È An—-1 + 2, 


and so on, until a441 > a1 +n. Consequently, 





2 2n 4- 3 
z(a a2 cb an) + —Z—an41 
2 2n 4-3 
< gum =N tas - (n7 1) tita - 1) + 3 Qn4-1 





2 n(n4-1 2n 4-3 
= 3 (nann — M s 3 An+1- 


And now we have 


2 n(n +1 2n +3 
3 (nans: = ae) "p 3 Anti € rui 





because it is equivalent to 


(an1 = (n + 1)) (anti = 3) 2.0, 
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which is true, since dn41 > a1 +n > n+ 1. Our proof is done. 
Try to prove that 


n(n +1) 


aĵ +a + +a > > 


(a1 4- a9 d- --- 4- a4) 
for any distinct positive integers a1,02,...,0n. 
Example 5.11. Prove that the inequality 
ge’ —na+n—-1>0 
holds for any positive real number x and any positive integer n > 1. 
Solution. We show that 
(1+ a1)(1+a2)---(l+an) 2 1+aı +a2 +: c à 


for any real numbers a1,22,...,0; all greater than —1 and all having the same 
sign (possibly, some of them are 0). 
The base case n — 1 is obvious. If we have 


(1--a1)(1-F a2)--- (12 a4) > 1+aı a2 +: 8 
we can multiply in both sides by 1+ an+ı and get 
(1+ a1)(1+ a2)---(14an,)(1 + Qn4i1) > (1+ a1 + a2 +--+ +@n)(1 + an+ı) 
=1+a,+aqt+ +++ + an + Gn41 + Gn41(@1 + a2 +: + an). 
Since all numbers aj, da2,...,@n41 have the same sign, we have 
An41(a1 +a2+-+:++an) 20 


and the conclusion follows for n + 1 numbers. 
Now let x > 0 and consider a1 = ag = --- = an = x — 1 which satisfy the 
conditions for the above inequality. And the inequality reads 


(1--z—1) 21-4 n(r—1)eaz"—nz-n-—1290, 
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exactly as we wanted to prove. 
This is one of the many instances of Bernoulli’s inequality. It can also be 
obtained by using the AM-GM inequality in the form 


ee titi it+---+1>n fa™-1-1-...-Ll=ne. 
n—1 times n—1 times 


Thus we see that the equality case holds if and only if x = 1. 
It also holds in the form 
zr —rx+r—-1>0 


for positive z and r > 1 (not necessarily an integer). If we take 


1 1 
ET and r-14- —— 
n+1 





r 


we get one interesting application of Bernoulli’s inequality (in this more general 
form), namely we get 


n-4-1 


1 "^  n-cl 1 n+1 
1 — 1 + —— -—1>0 
(v cu) n GLDE n 











n+l 
e (ru) >14 (1+) > (1+) : 
n+l n n--1 n 


That is, Bernoulli's inequality implies the monotonicity of the sequence with 


general term 
1 Ti 
( jr 3 ; 
n 


which defines the number e (as being its limit). 


Example 5.12. Prove that 


n—i 
1 —rcost — r” cosnt + r”! cos(n — 1)t 
An = X r" cos kt = 1—reost —r"cosnt +r”™ cos(n — 1)t 
1 — 2r cost + r? 
k=0 
and 
r sint — r” sin nt + r^*! sin(n — 1)t 


n—1l 
D - r* sin kt = 
" É 1 — 2r cost + r2 
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for any real numbers r and t with 1— 2r cost-- r? 40 and any positive integer 
n. 


Solution. We already have shown that these equalities hold by using de 
Moivre's formula. Now we prove by induction the formula for A, and leave 
B,, to the careful reader. 

For n = 1 we have to see that 


1—rcost—rcost+r? 
A1 eS  ————— 
1 — 2r cos t + r2 


) 


which is clearly true. Then we have (supposing that the formula for A, holds) 


1 — rcost — r” cosnt + r™*! cos(n — 1)t 


r” cos nt 
1 — 2r cost + r? i 


Anti = An + r” cos nt = 


| 1— rcost — r” cosnt + r"*1 cos(n — 1)t + r” cosnt — 2r"*! cost cosnt + r”* cos nt 
i 1 — 2r cost +r? 


| 1—rcost — rt! cos(n + 1)t + r"t? cos nt 
i 1 — 2r cost + r? i 
because 
r? cos(n — 1)t — 2r"*! cost cos nt 


Z pur 


cost cos nt + sin tsin nt — 2costcosnt) = —r"* cos(n + 1)t. 


Thus the formula for A4,,4 holds and we are done. 


Example 5.13. For each positive integer n and each real number x prove the 
following inequality 


n 
| cos x| + | cos 2z| + | cos 4| + -+ + | cos2"z| > —. 


2/2 


Solution. First we observe that the inequality 


1 
a Da os 
al + 20? - 1] > 77 


holds for any real number a. 


134 Chapter 5. Mathematical Induction 


Indeed, this clearly holds for |a| > 1/4/2, while for |a| < 1/4/2 it can be written 
in the form 


1 
la|-- 1— 2a? > —. 


V2 


For example, when a € 10, 1/ V2| we have to prove that 


1 
a) = 1 +a — 20° > —. 
f(a) Fi 
But f is a quadratic function with maximum attained at a = 1/4 € 10, 1/ v 2| 
(the maximum is 9/8, but this is not important in this matter). Therefore, 
the minimum value of the function in the interval 10, 1/ v2 is 


1 1 
sebo) 
1 
V2 
follows for a € [0, 1/ v2] , too. The reader will surely be able to prove the 
inequality in the case a € |-1 /V2, 0] by a similar reasoning (or just by noting 
the parity of the function a+ |a| + |2a? — 1|). In particular, we have 


1 
cos t| + | cos 2t| = | cost| + |2cos?t — 1 > — 
| cost] + | | = | cost] + | | J 
for every real t, implying that P(1) is true (it is weaker than the above in- 
equality), if we denote by P(n) the statement of the problem. 
For P(2) we have 


Thus 
la| + |2a7 — 1| = f(a) > 


| cos z| + | cos 2z| + | cos 4z| > | cos z| + | cos2z| > —= = —Z, 


according to the same inequality proved above. 
And now we show that P(n — 2) implies P(n). Indeed 


n—2 


Ti 
cos 2^z cos 2” x] + | cos 2% 1| + | cos 2^ p B 
2 costa = X- 008252] + |0821] + [£a] 2 e m i 
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and the inductive proof is done. Note that the following proof is also available 
(also based on |cost| + | cos 2t| > 1/4/2). Adding the inequalities 


1 
| cos 2^ tz] + | cos2^z| > —, k=1,2,...,n 


V2 


(together with | cosz| > |cosz| and |cos2"z| > | cos2"z|) yields 


n 
2X | cos 2*z| See | cos z| + | cos 2”z| 
- v2 


and since the sum of absolute values from the right side is nonnegative, we 
obtain the desired inequality 


n 
n 
2 |cos2*z| > —. 


It is a matter of taste if we choose the proof that uses induction, or the one 
that avoids it. The most interesting fact about the two proofs above is that 
there is one simpler than each of them. We are sure that, carefully analyzing 
the cases n — 1 and n — 2, the reader will be able to find it. The lesson to 
be learned here is that a proposition depending on a positive integer variable 
need not be proven by induction. 


Example 5.14. Prove that Jackson's inequality: 


sin 2x sin nx 
Tex = > 0 





sin z + 


holds for any x € (0,7). 


Solution. Let 
sin 2x sin Nx 


one) = sin z + ++ : 








For n = 1 we clearly have 


Sı(x) = sing > 0 
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for all z € (0,7). Assume that S,(xz) > 0 for every x € (0,7) and let us prove 
that the same is true for $,,4(x). The derivative of $441 as a function of z is 


1 2 
in Vt Dm. (nt 2)r 





Six) = cos z + cos 2g + --- + cos(n + 1)z = 2 2 
sin — 
2 
and has zeros (hence the critical points of Sn+1) 
zio 2kr 
5 ntl 
and 
„ (2k+1)r 
Tk — L 
n+2 


for 0 < 2k < n+ 1 (since we want x, and x% to be in the interval (0, 7)). The 
extremum points of Sn+1ı are among these points and the endpoints, and we 
have, by using the inductive hypothesis, 


sin(n + 1)z;, 


Sn+1(Tp) = Ss(z) + = Sn(£) > 0 





n 4-1 
and 
bs (n 4- 1)(2k + 1)r 
sin(n + 1)x; n+2 
Sn41(t_) = Sn(Tk) + EU = S.(zi) + =- EE 
. (2k-- l)r 
7 C: n 12 m , Sinz, 
= Sin(x;) + E CN = Salti) T "EE 0 


because x, € (0,7). Also, the limits of S441 at the endpoints 0 and 7 of the 
interval are both equal to 0, therefore the conclusion follows. We invite the 


reader to prove that 
TL 


X pe € SO 

k=1 
for every x € (0,7) (not necessarily by induction, but rather as a consequence 
of the result that we have proved). 
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Example 5.15. Prove that 


TL 





k=1 


Solution. Let S, and T;, denote the left-hand sum and the right-hand side 
respectively. We have 


cese ENC )-O) ii 


Epp n+1\ 1 ro r -1 
E tatie n+l n+l nl’ 

















In the previous calculation, we used the recurrence formula of the binomial 
coefficients, then the formula 


1 n _ n! |. 1 n+1 
k\k-1) k(n+1-k! n+1\ k J’ 


and finally the sum of the binomial coefficients from the (n + 1)-st row of 
Pascal’s triangle. 
On the other hand, it is clear that 


2” —] 
(es secl—— 
n+1 n n+1 
Now we have Sı = T3, and if Sn = Tn we also get 
Sud E (Sati -5 5] EE 9 D n+1 — T5) +1, = n+1 


and the identity follows for all positive integers n. 


Example 5.16. (USA TST, 2000) Let n be a positive integer. Prove that 


n T n D " n ntl 2 2, jen 
0 1 n | m+ Ii 2 n-o-1J/' 
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Solution. The proof is by induction on n. Denote the left hand side by an, 
and the right hand side by bn. The base case is clear and we only need to show 
that an and b, satisfy the same recurrence. A recurrence for b, is simple: 


n+1 
2n 





So we only need to prove that 


n+l 
2n 





Qn—1 +l. 


an = 


We have 





n+1/(n-1\"* — (n t Lyil(n — 4 — 1)! 
2n i i 2(n!) 

To express the right hand side in terms of binomial coefficients of base n, we 
write n + 1 as (i + 1) + (n — i) and conclude that 





n+1 P ) — ((i-- 1) + (n — i))il(n — i — 1)! 
2n i 2(n!) 


o 1 n \ n nV 
2X 41 i 
By summing these relations and using the fact that 
(0) = (2) = 
0 n 


n+l 
cm 2n 


we get 





Qn—1 + 1, 


and we are done. 


Chapter 6 


Combinatorial Identities and 
Generating Functions 


Combinatorial identities deal with binomial coefficients. The binomial coeffi- 
n 


cients (7) are defined by 
(x) = HE if O < k < T, and É = 0, otherwise, 


where n is à nonnegative integer, while k is an integer. Remember that 0! is 
defined to be 1. 
A very useful relation is the recurrence formula of the binomial coefficients: 


n+i\ (m ip n 

k+1)  \k k 1 
which you can check applying the definition. The binomial coefficients can be 
found using the binomial theorem (Newton's formula) 


(a +b)” = 3 (x) ark ok, 


k=0 


Many useful formulas are easy consequences of the binomial theorem. 
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For example, the above formula with a = b = 1 yields 


x9-Q«Qe ger 


a relation that is useful in many combinatorial identities. The binomial coeffi- 
cients appearing here are in the same (the (n+ 1)-st) row of Pascal’s triangle. 
We also have (the generalized Newton's binomial formula) 


(14-z)* = Hi n (to^ Bn dire » Pa 


where the binomial coefficient is defined for an arbitrary real number o as 


4 tes os 


In the particular case a = n (a nonnegative integer) we recapture the binomial 
formula with a finite development: 


(14-2) = (o) T. (Des " jen ME (sime ! 


because (7) = 0 for k > n. The function (1+ 2)” is called the generating 
function of the sequence cy = (7). For every sequence (an)n>0 we can associate 
an infinite series 


F(x) = ag + a12 + aoz? +--+ asz"^ 4 


called the (ordinary) generating function of the sequence. As an example let 
us take the sequence a; — 1, then 


F(z)—-lctzctz^vxecBx"6Re- 





Thus 
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is the generating function of the sequence a; = 1. Let us list some of the 
most important sequences and functions corresponding to them: The sequence 
ak = 1/k corresponds to 


1 1 
a a ae ats 


from this result it immediately follows that 
CO 
(—1)""} 1 1 1 
j 2 i 273 4" 


The series corresponding to the sequence ag = 1/k! describes the universal 


constant e: 
2 3 


r £ qm 
na 3 
For the Fibonnaci sequence (Fo = F; = 1 and Fn = F4, + Fn_2 for n > 2) 
the generating function is 


e? = 1+ IE i 


1 


and, of course, Newton’s formula says that the sequence a, = (7) corresponds 


À asse - Y (S) 


n=0 


Example 6.1. Evaluate 
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- " " L(n--1)/2] : 
B=(i)+(3)+(3)+ = E iut) 


and 


we have 


therefore A = B = 27-1. These are also fundamental identities satisfied by 
the binomial coefficients. 


Example 6.2. Prove that 

TL 
«(n =n. W1, 
k=1 


Solution 1. Because 


«Q7 uem "^g ne cx "(a 


16) ECE = 


k=1 k=1 j=0 


we get 


according to the fundamental identity of the binomial coefficients. 
Solution 2. We start with the binomial formula in the form 


» (v = (1+ 7)", 


valid for any real number x. Differentiating with respect to x yields 


Pao) nc ay 


n 
k=1 
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which is a more general identity — it is enough to take x = 1 in order to obtain 
the result stated by the problem. 
Try to prove in a similar manner the identity 


E &- »(1)- n(n — 1) 2^7 


—2 


(use k(k — 1) Hn — n(n — 1) b " 4 or differentiate twice), then infer 


ve ) enin. R 


for any positive integer n. Also prove that for n > 3 


Senha) - 359 (i) = 0. 


Example 6.3. For nonnegative integers m and n show that 


bow) -ev(.) 


Solution. The result is clear for m = 0. Assuming that it holds for some m, 
we will have 


Ye» s Do (EED * 1) 
i (m (" 7 *) 4 (mn Cus ) 


M j * Ji 


ht d 
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as we needed to prove, according to the recurrence of the binomial coefficients. 
Note that the result from the right-hand side is 0 for m > n> 1. Actually, for 
m > n > 1 the identity is always the same, namely 


Shi) =0, 


which by the binomial theorem basically says (1 — 1)” = 0. Also observe that 
a direct proof (by telescoping) can be obtained if we replace each (7) with 
D a (=), by the same recurrence relation for the binomial coefficients. 


Example 6.4. For positive integers m and n with m < n prove that 


k—m 
Solution. We have 


SI ET ED 


n! (n — m)! 
ml(n — m)! (n— k)Y(k — m) 


JC 
x: 00-06 2-0xC;7)-70 


k—m k=m j—0 


We changed the index of summation with the substitution j = n — k, when k 
runs from m to n we see that 7 runs from n — m to 0. 


^. 1 /n+k 
v esl 
k=0 


Example 6.5. Evaluate 
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Solution. We have Sọ = 1, $1 = 2, So = 4 and 53 = 8, therefore we have 
reasons to believe that Sn = 2" for every nonnegative integer n. We can prove 
this by finding a recurrence relation for Sn. Note that 


n+1i+k n+k nt+k 
— > 
( : = Jep T) eni 








s 1+0 0 
pu jets ) for k=0. 
Paus +1 +1 
n n 
1 /n+k 1 /n+k 
Seti =) a| k J+ al) 
k=0 k=1 
TE n -rk " 1 2n 4-1 iE n4 k 7 1 2n + 2 
o 2 Ok\ k antl \ n+1 2k Vk —1 20132 n1) 
k=0 k=1 
Since 


1 M + i 1 (2n + 2) (2n +1)! ph : 


2(n-1/ 2(n+1)ni(nt+D! \n+1 
the two terms extracted from the sums above cancel, and we get 


TL 


1 (n+k V 1 /n+k 
Sus = Dae ( k M aM 


k=0 k=1 
n+2 
_ 1 1 (n 4- 1) 4- (k — 1) 
-S.«33 geil jen 
k=1 
exu tie 
— In 9 n+l; 


that is, Sn+1 = 254. Now an easy induction (based on this recurrence relation) 
shows that, indeed, S, = 2” for all n > 0. 


Example 6.6. Prove that 


9*0) 0-0) 
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Solution. Consider the function f(x) = (1+ 2)?". From the Binomial The- 
orem the coefficient of z^ in f(x) is equal to (^"). On the other hand, we 
have 


(14- z)/^ — (14- z)^(1 +r)” 


= (e Ge) Q7): 


If we perform standard multiplication, the coefficient of x” will be equal to 


0*6) 5) +" OQ) 
But (") - nM a thus we get 
("4 Qin ("= J 


Example 6.7. Evaluate 
ETAETA 
0 4 8 


Solution. Let us denote by A the sum from the problem statement, and let 


us consider also 
n n n 
n n n 
uit (5) + (s) - ix) mm 


Qe 


and 
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Then for n > 1 we clearly have (by the binomial expansion) 
A fn 
A+B+0+D=)>( ) = (1+1) = 2n, 
=A 


A-B+0-D=S\(-1*(2) = (1— 1)* — 0, 
k=0 
AxiB-0-ip- Y (i-a, 
k=0 


and 
n 
A—iB-—C+iD = ` (R) = (1- i)". 
k=0 
The system of four linear equations with unknowns A, B, C, and D can be eas- 


ily solved (by adding and subtracting the first two and the last two equations, 
etc.), yielding 


1 n 
A= ; pns + 22 cos — | 


One can also get 


B= Ce + 22 sin =) i C= (27 — 23 cos =) 


N| = 
NI | 


and , 
D=; poe 202 ei m) | 


Note that these formulae do not work for n — 0, because in that case A — B 4- 
C — D equals 1, not 0. 


Example 6.8. Evaluate the sum 


ws 
i 


z 
ll 
e 
" 
3 
No 


3k]. 
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Solution. From the binomial theorem, this is equivalent to finding the sum 
of the coefficients of f(x) = (1+ x)” for the powers of z whose exponents are 
divisible by 3. Let 


W = cos ET C-isin em 
== — 1 mm 
Ó Ó 


a third root of unity. Then we have the following identity 


3 if 3|k 


k 2k __ 
Pur qud ={ 0 otherwise 


The proof is simple, and amounts to taking cases on the value of k modulo 3. 
If k = 0 (mod 3), then wf = w? = 1, and the above sum equals 3. 

If k = 1 (mod 3), then from w = 1 we have wf = w and w” = w”. 

The sum equals 





l +w +w’ = 
W 


The case k = 2 (mod 3) is analogous. 


f(1) + fw) + Fw?) 


the binomial theorem, it follows that 


Now, consider the quantity . By the above identity and 


L 


wS 


fA _ FO) + fw) + fw?) 

3k 3 

(1+1)"+(1+w)"+(1+07)” 
3 

28 Fw)" + (a)? 

ae an 


k= 


where we have used the identity 1 +w +w? = 0 for the last equality. We invite 
the reader to check that the final result is 


c dm du. nm 
> (gu) = 3 2" + 200875). 


k=0 


by evaluating the powers of —w and —w? with de Moivre's formula. 
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Example 6.9. Find in closed form 


$,- Y C) J!(n + k)!. 


k=0 


" 7 jn Lj; 7 (on Ü 


our sum is easily transformed into a sum involving (reciprocals of) binomial 
coefficients (in two forms): 


Solution 1. Because 





Ay EC 











k=0 = 
n—k n+k 
Thus 
Sx own} CD* , CD* |. a nwo (719 
on) i 2n V f 3n fm ^ z 2n\ 
k=0 j=0 
n—k n+k n j 
Now the formula 
1 2n+1 1 1 


E ^ 2n 42 (n » D 

J J gu 

can be easily checked by using standard computations (and we invite the reader 
to do that). So 








eed REDS y 1 1 


2 "n ~ nt 2 VE * oh 
J j jT1 
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2n +1 3 (—1) (1) 
2n + 2 = (^ + Ü iet + ; 
j j+1 


mai| CD* — Cnm" 


on -2 | n+1\ f/2n41 
0 2n +1 














|. 2n l1 
| ntl 
leading to 
1 2n 4-1 
2——À— = —_— + (-1) 
Ol a osa 
n 
Finally we get 
1 (2n +1)! 
= n2 ee mp 
"aco EE oe ea) 


It hardly seemed in the beginning that we would get a telescope for this sum, 
did it? 

Solution 2. This is more involved, but showcases a useful trick. As in the 
first solution, we have 





DA 
k=0 
(2) 
Now, the reciprocal of a binomial coefficient can be expressed by an integral 
with the following formula: 


T -— (m 4- 1) f a (1—2)™ dz, 
e c 
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and consequently we have 


oa = (2n+ 1) di f g^75(1 — x) "tdg 


1 
(2n 0 


= ony f a-y (2) as 


where we arrived at the sum of a geometric progression: 





T 


qi... n 
= 1 x 


r7—1 n+1 
n k (==) a. n+1 n4-1 
Y (==) i T o att* —(x—1) 
k=0 
E pnl ge (—1)"(1 _ gjet 
gn l 


We get further 


1 
Ay = (2n + » | eras sc es ge dx 
2n+1 1 H 
| On +2 wa x E 


1 
where, for / a*1(1 — z)"dz we also used the formula from the beginning, 
0 


with m = 2n + 1 and j = n+1 (and we wrote (*"*") instead of (7**.)). 


Finally, after multiplying by (2n)! and a few more calculations, we obtain our 


result 
n! 


2 
To prove the integral formula for the reciprocal of a binomial coefficient, notice 
that we have (integrating by parts) 


Sn = —(n! 4 (—1)" (n+ 2) --- (2n + 1)). 


1 
I; =| z(1— zz)" Idz 
0 


152 Chapter 6. Combinatorial Identities and Generating Functions 











1 e —j;j fl. 
e z^ aye po / witty — gyn-i-1gs, 
j-4c1 0 j+1 0 
thus 44 
j 
Lu hcm 


The desired formula follows by iterating this relation, until we arrive at 





which is easy to check. 


Example 6.10. Prove that 


X J= 


3 
A 


Solution. We have 





therefore 
SEO ELE) 
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Finally, our sum is 


EH 


k 2 z 2 
Ct xim) "acum 


2 = 2 
(2i + 1) (24 + 3) Y > (2i + 2)(2i + 4) 








agen 


1—0 
1 1 ari 1 
—\2%+1 2(i 4-1) 1 — i 2(i 4-1) 
Lie 3 
1 2 * 


We can also evaluate the final sum directly as a telescope with step 2: 
CO n n 
2 1 1 
li ERN e - ee 
> ener RL ge Jim, (C En 


A 
1 1 1 1 3 
= li 1 e et uuu ÁÁ =] — = —. 
tim (14 5 n ea) +2592 
Example 6.11. Evaluate 


DR 
yp nie Du : 


m=0 n=0 


Solution. Observe the following fact 


oy = (Se SP) (ye Se). 








m=0 n=0 m=0 n=0 
Using the infinite series for e*, z = —1, we get 
= Ll (-1)” a 
E AN MEE "E 
i 1! T 2! 7 n cee 3 n! 
n=0 
Thus 
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Example 6.12. Prove that 


i nln - 12). (nd — (k 19) 
5-2, hmneehk-7 — Hu — 
titit: e ttk =n 


where the sum is over all possible k-tuples (i1, i2,..., ik) of nonnegative inte- 
gers that sum to n. 


Solution. A moment of thinking shows that we have the equality of formal 


series 
CO Oo k 
` Ot = >. ma”). 
n=0 


m=0 





CO 
1 
Now, by differentiating ` p um : 
—2 


and then multiplying the result by x 


m=0 
we get 





= Hh 
m _ 
> mı ~ (1-z)? 


m=0 


hence 
k 


CO OO k 
n=0 p (1 — x) 


But S, is precisely the coefficient of x” in this development, which we can 
obtain with Newton’s binomial formula for the exponent —2k. Clearly, S, = 0 
for n € k — 1 (because, after using the formula we multiply by z^) — and the 
result is the expected one. For n > k this coefficient is 


caye( —2k ) " (n+ k— 1)(n 4- k —2)--- (2k 4+ 1)(2k) 


n —k (n — k)! 
|. (n+k—-1)! 
© (2k — 1)!(n — k)! 
|. (n k—- 1)(n- k—-2):--(n— k-F2)(n — k 4- 1) 


(2k — 1)! 
_ n(n? = 12) +. (n? — (k= 1)?) 
(2k — 1)! 
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and the formula for 5; is completely proved. 


Example 6.13. Prove that 


y (—y)irtiattin—1 i ja t rj DH o1 
i2 132101 ’ 
jr t2jot-+njn=n J1:22* °` Jn: n 
where the sum is over all the n-tuples (j1,j2,..., jn) of nonnegative integers 


for which ji + 272 +--+ nj, =n. 


Solution. The two main ingredients of the proof are the multinomial formula, 


Mor) deese 
(z1-- x2 + Tn)” = > ttt jo) of xy. EA 
fitjatetinem o 3277748 
(which for n — 2 gives the binomial theorem), and the logarithmic expansion 


1 zr? r’ o. ak 
—--hü-s)-z-Teevmec E 





In 2 


But we can also calculate the logarithm like this: 





In = =In(l+a2+2*+--:) 


Because we are interested in the coefficient of x” (which, in the first form of 
the development is 1/n) we can give up the powers of z with exponent greater 
than n. Thus, the coefficient of z^" is the same as in 


CER ORAE M ctu es e 
2 
gO ah duin d pacte xc y 
3 - | 
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By the multinomial theorem we have 


amtet Y Git ja +: jn)! jeans 
cq dtes s 

Jitjeat:+jn=p J1J2: Jn: 

hence the coefficient of x” in this formal series will be 


(—1)1 T3238 71 (jı d doce Jn)! 1 
41351... 44! j j TE j 
ji +2j2+ +njn=n Jde Se Jutjat n 
= 3 (—1)1trt7 3871 irons ja Ü' 


41251... 4,.! 
Jit2jot-+njn=n J1:J2: Jn: 


Since first we found this coefficient to be 1/n, the desired equality follows and 
our proof is done. 

We close this chapter with the classical (and very beautiful) theorem of Lucas 
which evaluates the binomial coefficients modulo a prime. 


Example 6.14. Let p be a prime, let n and k be positive integers (n > k), 
and let n = ng + nip 4 --- c np? and k = ko + kip +--+ ksp? be the base p 
representations of n and k. Here n; and k; are base p digits, that is, they are 
all from the set (0,1,...,p —1}. We then have 


6) S) E) emm 


Solution. In the proof we will work in the ring Z, of integers modulo p (and, 
more precisely, we will work in the ring Zp|X] of polynomials with coefficients 
in Zp). The elements of Zp are equivalence classes of integers, but we will not 
use specific notations for the equivalence classes. Instead equivalence classes 
will just be denoted by numbers. Since we are working in Zp, we will have 
equalities rather than with congruences. Thus, for example, the congruence 


(x+y)? =z” +y” (mod p) 
(proved in the chapter Mathematical Induction) will be written 


(£ +y)? = 2 +y”, 
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because now x and y actually denote the classes of equivalence of x and y 
modulo p. In fact this is the starting point of the proof. It is clear that 


uU grege 


holds for f,g € Zp| X], too (the proof is the same); moreover, we have 
[pue up" 


for any positive integer j (we leave the proof by an easy induction to the 
careful reader). Thus, in Z,|X] we have 


(1-4 X)” = (1 X(+ X9) (+ X)" 
= (1 ty NFO + XP)" ae (1 + XP°)"s 
ELS LM. VS (mess. S (Paper 
AO EGG 


Now the coefficient of X* in (1+ X)" is, of course, (7). The expansion of the 
final product from above contains all terms of the form 


in m pos no a 
Jo Jı Js 


with 0 < jJi € nj for 0 < i < s. Since the base p representation of a natural 
number is unique, X^ only appears in this expansion when j; = kj; for every 
0 € 1 € s, therefore it has the coefficient 


nU 9 


By equating the two coefficients of X*, we obtain that (in Zp) 


n\  [(mnoY(m Ns 

k) | XkoJ \ki ks)” 
which, if we consider numbers instead of residue classes, is precisely the con- 
gruence stated by Lucas’s theorem. 


Note that, as an immediate consequence of Lucas’s theorem we have the fact 
that (7) is divisible by p if and only if there exists 0 < i < s such that n; < ki. 


Chapter 7 


Sums and Products in 
Number Theory 


There are a lot of problems related to sums and products in Number The- 
ory. An area which we would like you to cover is based on three well-known 
functions that on positive integers n have relatively short formulas in terms of 
their prime factorization 
n = py py? ps. 
These are 
e T(n) — the number of positive divisors of n. 
We can write this as T(n) = ` 1 or in terms of the prime factorization we 
d|n 
have 


T(n) = (ay + 1)(ao 4- 1) --- (an +1). 


e c (n) — the sum of the positive divisors of n. 
We can rewrite this as a(n) = > d or in terms of the prime factorization we 
d|n 
have 
o1--1 — 1 
zd EE 


o2*l _ 1 Qntl | 
o(n) =" l2 ME NL. 


p—1 p2— 1 Pn— 1 
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e ¢(n) — the Euler’s totient function, the number of all positive integers less 
than or equal to n that are relatively prime to n. (The “equal” case obviously 
only matters for n — 1.) In terms of the prime factorization of n we have 


$m) =n (1-2) (oy ae ee 


and we also have ` pld) — n. 
d|n 

The last fact is mun obvious and we would like to prove it. We consider the 
rational numbers 

1 2 n 

uaa 
Clearly, there are n numbers in the list. On the other hand we can obtain 
a new list by reducing each number in the above list to the lowest terms; 
that is express each fraction as a quotient of relatively prime integers. The 
denominators of the numbers in the new list will all be the divisors of n. If 
d | n, exactly ó(d) of the numbers in the list will have d as their denominator 
(this is the meaning of lowest terms!). Hence, there are b» o (d) terms in the 

d\n 

new list. Because the two lists have the same number of ae we obtain the 
desired result. We continue with a few easy problems. 


Example 7.1. Let r(n) be the number of positive divisors of n. Prove that 


T(n) 
[[¢=n 2x 


d|n 





Solution. Due to the fact that, when d runs through all (positive) divisors of 
n, n/d also runs through the set of all (positive) divisors of n, we have 





T(n) 
[:-II5- 77. 
dn dn IE 
d|n 
therefore : 


I] d| =n™™, 


d|n 
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and the conclusion follows. 


Note that, if n = p! ---p,* is the prime factorization of n, then any divisor 


of n has the form p? z per, with 8; € {0,1,...,a;} for every 1 € i € k. This 
immediately yields the formula (that we already presented) 


T(n) = (a, + 1)--- (o + 1), 
and shows that the equality stated by the problem can also be read as 


(o1 1): (og 1) 
| | £1 Bk — (na Qk 
Di p = (pj epu) 2 
0x8; €o ,...,0O€ By <a, 


(the product from the left-hand side is over all possible choices of (f1,..., 8k) € 
(0,1,...,01] x :-- x {0,1,...,a,%}). Try to prove it in this form, too! (You 
have to prove that the exponents of each p; in both sides are equal; the problem 
becomes a — not very complicated — counting problem if we put it this way.) 


Example 7.2. For positive integers m and n prove that 
I [a^ [[4 
d|m d|n 
implies m = n. 
Solution. By the previous example, we are given that 
m) = nT 


which immediately yields that m and n have precisely the same prime factors 
in their factorizations. So, let p1,...,px be these factors, and let 


ak 


m = pi +++ Dy and n= pet... p. 


By comparing the exponents in the above equality we get 


Q1 7 ag T(n)  (b-1)--- (bx +1) 


b by (m) (m1): (a, 1) 
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From these equalities we see that we cannot have a, > bı because the equality 
of ratios would imply a; > bj for all 1 < i < k. But then 


(a1 + 1)--- (ag +1) > (by +1)--- (bi +1) 
and we would get 


ar o _ak_ T(n) _ (b1+1) (bx +1) 


<a UT rm) at at) 





which is clearly impossible. Similarly, a1 < bı leads to contradiction, so it 
follows that a, = 541, which implies a; = bj for all 7, and, consequently, m = n. 


Example 7.3. Find the sum of all positive integers less than n and relatively 
prime to mn. 


Solution. If n > 2, then the sum is nd(n)/2, with ¢(n) representing the 
number of the positive integers less than n and relatively prime to n. The key 
observation is that if k « n and k is relatively prime to n, then n — k is also 
less than n and relatively prime to n. Consequently, 


k= M (n-k) 


1<k<n,(k,n)=1 1<k<n,(k,n)=1 
=n ` 1— ` k = nọ(n) — ` k 
1<k<n,(k,n)=1 1<k<n,(k,n)=1 1<k<n,(k,n)=1 
no(n) 


=> > k= 
1<k<n,(k,n)=1 





9 9 
as we claimed. 


Example 7.4. Let n = py! ---p,* be the prime factorization of the positive 
integer n 2 2, and let 0 < a1 < +++ < Agin) < n be all the positive integers 
relatively prime to n that are less than n. Prove that 


1 
dj +03 + +++ ag) = sé (n) n? + (—1)"p1 -- py). 
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Solution. Let A={1,2,...,n} and let A;={a € A | pj divides a}, 1<i<k. 
For a subset M of A we denote 


-a 


rcM 


Then 
S(A) = y _ n(n + 1)(2n + 1) i 


and 


sa)c sienten (on) =a 55) #5 (8) 8] 


Analogously, 


1/mN i1/(mM 1f 7 
sanna [Gn e Go Gn] v 
j) = PiP E pi) 2 \pipj) — 6 \ pi; ra 


and so on for S(Aij A; N Ax), etc. Using the inclusion-exclusion principle we 
get 








aj aj d cas = S(A)- s(U A; ) 
[qx s E LI sin 1/n\? 1fn 
— in^ ES "uw ud a Edd um Mud 
"ur Ta” dP E (=) ice +3(2)| 
1/mn WMV ;( n ) ( n ) 
+ i = LI des rr 
2 undc a T E) 2 Npipj/ — 6 \ vip; 


( 
+ 
Di b ' Dk 

















Ww |e 


t(-1) (n -- pe)? | 
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Thus we can write a? + a4 +--+ 05) as am? + Bn? + yn, where 








k 
1 
nate exu l 

e Lo Di: Dk 


a eed zii 
i=1 i<j 
EU 
=z s (1-Sont Zp- suse ppt, 


This means that 





_1/,_1)\(,_1)...f,_ 1) _1. 9% 
a=3(1 zin 2 ( 2] 3. n^ 
8-;0-1*-0 

_1)k n 
y= S - p) - 9) 0-29 =| : mop S80 


and combining all these gives us the desired result. 


Example 7.5. Prove Euler’s theorem, namely that a9?) — 1 is divisible by n 
for every integer n such that a and n are relatively prime. 


Solution. Let 1 < 2] < +- < z4(4) < n be the ¢(n) integers which are less 
than n and relatively prime to n. Since a is relatively prime to n, the numbers 
AL1,.-.,ALg(n) are also relatively prime to n. Further they represent distinct 
congruence classes modulo n since if az; = ax; (mod n), then n|a(z; —x;) and 
since a is relatively prime to n, this forces n|x; — x; and hence x; = zj. Thus 
the numbers azj,...,@X%g(,) are modulo n some reordering of the numbers 
21,...,X4(n) and in particular 

$0) p... 


(ari) +--+ (a%gin)) = a Tam =21°**Lgin) (mod n). 
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Since the xz; are all relatively prime to n, we may cancel them off to get 
a?) =1 (mod n) or a? — 1 is divisible by n. 

In particular, for a prime p and an integer a which is not divisible by p (that 
is, a and p are relatively prime), we get that a?\P) — 1 = aP-1. 1 is divisible by 
p. Consequently, a? — a = a(a?—! — 1) is divisible by p for every integer a — and 
we arrived again to Fermat’s little theorem (see also the chapter Mathematical 
Induction). 

Let us introduce a new function, called Móbius function. This function plays 
an important role in proving some deep results in Number Theory. We begin 
with the notions of arithmetic function and multiplicative function. 
Arithmetic functions are functions defined on the positive integers that are 
complex valued. The arithmetic function f Z 0 is called multiplicative if for 
any relatively prime positive integers m and n, 


f(mn) = f(m)f(n). 


Note that if f is multiplicative, then f(1) = 1. Indeed if a is a positive integer 
for which f(a) Z 0, then f(a) = f(a-1) = f(a)f(1), and simplifying by f(a) 
yields f(1) = 1. Note also that if f is multiplicative and n = pj! --- pp” is the 
prime factorization of the positive integer n, then 


f(n) = fP) f(p;*). 


One reason why we discuss multiplicative functions is that T(n), a(n), ó(n) 
are multiplicative functions. 
The fourth arithmetic function we present is the Mobius function defined by 


1 Hg qued 
p(n) =< 0 if p^|n for some prime p > 1, 
(—1)5 if n- pi: px, where p1, pz, ..., py are distinct primes. 


For example, (2) = —1, u(6) = 1, w(12) = u(2* - 3) = 0. 


Theorem 1. The Mobius function is multiplicative. 

Proof. Let m,n be positive integers such that gcd(m,n) = 1. If p^ | m 
for some p > 1, then p^ | mn and so u(m) = u(mn) = 0 and we are done. 
Similarly if p? | n we are done. 
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Otherwise, m = pi:--pgy, n = qi--: qu, Where pi,...pi, d1,... qu are distinct 
primes. Then (m) = (—1)*, u(n) = (—1)", and mn = py - ++ Pki’ qn. 
It follows that 


u(mn) = (-1)*** = (-1)*(-1)* = p(m)q(n). 


Another important property of the Mobius function is that the sum of its 
values over all divisors of a given positive integer can be easily evaluated. 


Example 7.6. We have 


f1 ifn=1 
49-1 0, if n»l. 


d|n 


Solution. This is clear for n = 1, when there is only one term in the sum 
(namely y(1)). For n > 1, if p1,..., py are all the distinct prime factors of n, 
we realize after a moment of thinking, that 


$.u(d) =H) + X up) M (pip) +--+ + n(pipa +++ pr) 


d\n 1<i<k 1<i<j<k 


0-00 e00- 


by the definition of u (the divisors of n that are divisible by some square do 
not contribute to the sum). 
Or, we can consider the summation function defined by 


F(n) = 5 , u(d) 
d|n 


and prove that it is multiplicative (see Theorem 2 below). Because 


F (p^) = p(1) + p(p) +--+ + (p*) = 1 -1=0 


for every prime number p and any positive integer a, we immediately get 
F(n) = 0 for n > 2, based on the multiplicative property of F. Of course, 
F(1) = 1 follows immediately. 

By using this result we can immediately solve the following exercise. 
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Example 7.7. For any real number x > 1 we have 


Slj- 


oo 
k=1 


Solution. This is not actually an infinite sum, as all floors are 0 for k > z. 
We have 


Me 


w(t) |=] = 4 SO 


k=1 1<k<x 1<j<a2/k 
oO 
=X uk) 1 
k=l jk<ax 
- Y Yi 
l<n<z k|n 


We changed the order of summation by putting together, for every 1 € n < a, 
all terms for which jk = n, then we used (as we showed in the previous 


example) 
1, n-—l 
340 = | 0, nl. 
k|n 


Not only for the Mobius function, but for any arithmetic function f we can 
consider its summation function F' defined by 


F(n) = 5 f(@). 


d|n 


One connection between f and F is given by the following result. 


Theorem 2. If f is multiplicative, then so is its summation function F. 
Proof. Let m and n be positive relatively prime integers and let d be a divisor 
of mn. Then d can be uniquely represented as d = kh, where k | m and h | n. 
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Because gcd(m,n) = 1, we have gcd(k, h) = 1, so f(kh) = f(k)f(h). Hence 


mn)- »:f(d- M; f(k)f(h) 


d|mn k|m,h|n 
= [E ro XI) 
k|m h|n 
= F(m)F(n), 


and we are done. 
Note that if f is a multiplicative function and n = pf? --- pp", then 


k 
F(n) = F(p{") F(p?) =|] + fle) + fpf) +--+ f0P). 
t= 1 


The last formula is pretty useful (although almost evident) and helps to solve 
many problems related to the Mobius function, for instance: 


Example 7.8. If f is a multiplicative function and n = pt? ---p,*, then 


X w(d) f(a) = (1 — f(p1))(1 — f(p2)) (1 — f(x). 


d|n 


Solution. Consider the function 


= 5 (4) f(a) 


d|n 
which is multiplicative. Using the above result we get 
G(n) = G(py") --- G(p,*), 


where 


= >) u(d)f(d) = u(1)f(1) — wpa) f (pi) = 1 — F (pi), 


d|p;* 


and the conclusion follows. 
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Example 7.9. Let n = pt? pp". Prove that 
* u(d)o(d) = (—1)*pipe-+- Pr. 
d|n 


Solution. Using the previous example, we get 


» a(d) f(d) = (1— f(p1))(1 — f(p3) +++ (1 — f(r). 


d|n 


Let us take f(n) = o(n) = ` d. Then this formula becomes 
d|n 


3 u(d)f(d) = (1 — (pı + D)(1 — (p2 + 1)) (1— (pn + 1)) 
d|n 
= (-1) pipa: py. 


We also have another beautiful result related to the Móbius function it is the 
Mobius inversion formula. 


Theorem 3. (Mobius inversion formula) Let f be a multiplicative function. 
Then z 
f(n) = Your (5). 
d|n 
Proof. We have 


> HF (5) = Mut) bs ro) => bs aro) 


d|n d|n cla dm \el@ 


ae X aso Dao [E L) : 
d? di? 


c|n c|n 


Since for n/c » 1 we have ` u(d) = 0. The only nonzero term in this last 
d|% 
sum is the c = n term which is equal to f(n). 
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To complete our journey we present the last theorem that connects a function 
with its summation function: 


Theorem 4. Let f be an arithmetic function and let F be its summation 
function. If F is multiplicative, then so is f. 

Proof. Let m,n be positive integers such that gcd(m,n) = 1 and let d bea 
divisor of mn. Then d = kh, where k | m,h | n, and ged(k,h) = 1. Applying 
the Mobius formula it follows 


f(mn) = 3 ua)F (5) = 35 enr (=) 


dimn Sim 
= Y; utut F (2) r (2) 
k|m,h|n 


=| Sour (5) | Eutr (2) | = toms). 
k|m hin 


We also encourage the reader to redevelop some properties of the functions 
T(n), a(n), d(n) by using the general results we proved above. The following 
problem is an example of how we can deal with such type of problems. 


Example 7.10. For any positive integer n prove that 
n 
du (5) =1. 
dtd) un (= 
d|n 


Solution. Consider the function F(n) which is the summation function for 
f(n) = 1, we have 
Fin) 2 5 f(d)  » 1o rn). 
d|n d|n 
Writing the Móbius inversion formula for f(n) we get 


1= f(a) =X rda (5). 
d|n 


As you can see the problems are not so hard, but you need to get used to them 
and the best way to do that is to practice, to solve a number of problems on 
this topic. 


Chapter 8 


Problems 


1 Easy Problems 


E1. 


E2. 


E3. 


E4. 


E5. 


Evaluate 
(6! + 5!)(5! + 4!)(4! + 3) (3! + 2!)(2! + 1!) 


(6! — 5!)(5! — 4!)(4! — 3!) (3! — 20) (2! — 1!) 
Prove that 
1-n+2-(n—1)+3-(n—2)4+---+(n—-1)-24n-1= ee 


Find a general formula for the sum 


1+11+111+..--+11...11. 
n digits 
Evaluate the product 
IT 4k? — 3k +1 
Ak? —3k — 1 
k=2 
For a fixed positive integer n let aj, = 2277" Ks deem Ul sq. 


Prove that 7 


ai + ao 





(a1 — ao) +++ (an — an-1) = 


172 


E6. 


ET. 


ES. 


E9. 


E10. 


E11. 


E12. 
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Prove that for all positive integers n 


^. k 
2; 


Evaluate 
3 k+1 
ed) l+k!+(k+1)! 
Evaluate 
IT (i^ k 4-1 aos), 
oe (2k +1) 
Evaluate 
3n? +1 
ne SS 
mem (n$ — n) 
Evaluate 
n 
RB +1). 
k=1 


Consider n arithmetic progressions with the same common difference d 
and having their first terms 1, 2,3,...,n. If S(n, k) is the sum of the first 
n terms of the arithmetic progression that has its first term k, prove that 


S(n, 1) + S(n, 2) + S(n, 3) +--+ S(n,n) = Sn c (n — 1)(d 4 1)). 


Let a 1,Q@2,...,@n, be an arithmetic progression with aj Æ 0 for all 1 < 
k « n. Prove that 


n—1 
on-l 








aa Qian 
kay k^ktrl lün 


1 


E13. 


E14. 


E15. 


E16. 


E17. 


E18. 


E19. 
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Let a1,Q@2,...,@n, be an arithmetic progression with positive terms. 
Prove that 
1 i 1 er 1 o n-i 
JQ1- 4/d9 | 4/09 + 4/03 ,/An—1 + / 0n Ja, + n 
Prove the inequality 


1 1 1 
ee | 
V14+V3 VW54+V7 /9997 + 4/9999 





Evaluate 1 
7 ESEA 
P 
4 L4 n 
k=1 k* + 1 
Prove that 
—_— 
k=l (Vk + EFI) (Vk Vk +1) 
Find the closed form 


Vic ea der +4/1+ E 
122 22 32 19992 ` 20002 


Evaluate the sum 


E ITEM 


| pas i” 
Let an = (rez) + Le (1-2) nz 1 Prove that 
n n 


1 1 1 
a, a2 220 


is à positive integer. 
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E20. 


E21. 


E22. 


E23. 


E24. 


E25. 


E26. 
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Prove that 
um k(n—k» nt 
Evaluate 
n n n 
20.0 
1 2 n+1 
Prove that 
n n—l n—2 n —m n+1 
+ + + +++ + = i 
m m-—1 m — 2 0 m 
Evaluate 
2008 2008 2008 2008 
OT) 302) C2) C7) 
2008 2008 
Hee 2004( sho + 2005 (Shor): 
Evaluate the sum 


2. (3% = 2k) (3k+1 = 2k+1) 


Let F, be the nt? Fibonacci number (Fi = Fo = 1, and F, = Fn-1+Fn-2 


for all n > 3). Evaluate 
OO 
P EI 
e Fk-1Fk+1 
Prove that for all n > 3, 


I 1 e+k+1)_ 1 (Pny? 
9 (k-1)8 ] 37-1 2 


k=2 





1 


E27. 


E28. 


E29. 


E30. 


E31. 


E32. 


E33. 


B34. 
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Let 4 denote the imaginary unit. Evaluate 


o 
ae AUD 


Prove that the identity 
(etytz)?—(2°+y?+2z°) = S(z-Ey) (zz) (yo z) (^ y +2" y zy?) 
holds for any numbers z, y, and z. 


Evaluate the following sum for every positive integer n 





T 2m (n — 1)r 
1 + cos — + cos — + -+ 4-608 —————. 
n n n 
Evaluate 
S (-1) REED 
k=1 
Evaluate " 
k(k+1) 
yk 
k=1 
Prove that 
Y ( pee B In 
es eU eer leak: o n+l 
If 71,72,...,Tn and t1,t2,...,tn are real numbers, prove that 
n n 
>D » rer, cos(ty — tj) > 0. 
k=1 l=1 
Prove that 


(v3 + tan 1°) (v3 + tan 2°) zz (v3 + tan 29°) = 279. 
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E35. 


E36. 


E37. 


E38. 


E39. 


E40. 
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Evaluate 
(1 — cot 1°) (1 — cot 2°) - - - (1 — cot 44°). 
Prove that 
, _ cos ol į _ 008 62° u ,.. cos 119 E 
cos 1? cos 2? cos 59? 
Prove that for every integer n > 1, 
COS zn COS eiu COS E ee 
9n 51  2n—] 2n —] 2n 
Let n be a given positive integer and let 
dg = 2008. k=0,1,... n—1. 
Prove that 
E 
| n—1 
Toa) = 52 
k—0 Y 
The sequence {£n }n>1 is defined by 


2 
tı = Lk41 = Tp t Tk. 


9? 
Find the greatest integer less than 
1 1 1 


+ a 
ttl z2+1 2100 + 1 








Solve the problem left unsolved in the Introduction. Namely, if n is 
any given positive integer and f is defined by f(x) = x — =| show by 


2 

= [k] 

2 E nis 
k=0 

where f!* is the kth iterate of f (that is, f^! = fofo---of with k 

appearances of f; we also consider f! to be the identity function that 


maps z to x, for every x). 


telescoping that 


2. 


M3. 


MA. 


M6. 


M7. 
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Medium Problems 


. For each positive integer k, let f(k) = 4^ + 6* + 9*. Prove that for all 


nonnegative integers m and n, f(2™) divides f(2") whenever m is less 
than or equal to n. 


. Evaluate 


1? -- 2? -- 3^ — 4* 57467477487 — 9* — 10^ 4... — 2010*, 
where each three consecutive 4- signs are followed by two — signs. 


Prove that 





3, 1-n4"  q—4 
1 + 2g +30 nq = +, 
ped. dese 


for every q # 1. 


Evaluate 


P ; 
44 [2 
re! +ke+1 


. Evaluate the sum 


D 2 D dores ia 
od Beal :3*44 37" + 1 


Let f, = 2% +1,n=1,2,3,... Prove that 





for all positive integers n. 


Let an = 3n + Vn? — 1 and b, = 2(Vn? -n+ Vn? +n), n> 1. 


Prove that 


ay — by + Vag — bz +- t vag — bag = A+ B V2, 


for some integers A and B. 
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MS. 


Mg. 


M10. 


M11. 


M12. 


M13. 


Chapter 8. Problems 


Let m < n be positive integers. Prove the double inequality 








1 1 1 1 
2 (n M V pop eM E 
<2( n — vm —1). 
Let 
1 
ü5 2m. 9 mss A ases 


1 ) 
2 4 inn 
n^ + yn i 1 
Prove that 4/a1 + J/a2 + --- + 4/a319 is an integer. 


Prove that there is no positive integer n for which 


(k* +k? +1) 


Es 


k=1 
is a perfect square. 
Let Fn be the nth Fibonacci number. Prove that 


n 
HG» + Fox 41) = Ponti. 
k=0 


Let x be a real number in the interval (—1,1). Evaluate 


rs k k+1 
[0-2 +27"). 
k=0 


Let F4 be the nt? Fibonacci number. Evaluate 


= 1 
DRAI 
k=2 


1Fk+1 
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M14 


M15. 


M16. 


M17. 


M18. 


M19. 


Let n be a nonnegative integer. Prove that 
n 2 
2n —1 
2) cr) 
k=1 e 
Let n be an odd integer greater than or equal to 5. Prove that 


«Qe enm) 


is not a prime number. 


Prove that for any positive integer n the number 


2n - 1 2n 4-1 2n 4-1 
gus P regina lene anao Loue yen 
0 2 2n 


is the sum of two consecutive perfect squares. 


docs : Qa, 
Let n be a positive integer and a be a real number, such that — is an 
T 


irrational number. Evaluate 


1 1 1 
cosa—cos3a ` cosa —cos5a ^  cosa— cos(2n + 1)a.- 
Prove that 
1 ie 1 ee 1 PEE 
sin45°sin46° sin 47° sin 48? sin 133° sin 134° sinl? 
Prove that for every positive integer n and for every real number x Æ = 


(t = 0,1,2,...,n,s an integer), 


m 


1 
—— = cotz —cot2”z. 
2. sin 2*z 
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M20. 


M21. 


M22. 


M23. 


M24. 


M25. 


M26. 











Chapter 8. Problems 
Show that 
sing  sin2z sin nz cos(n + 1)z 
; 2 = cot x — ——————, 
COSx cos*z cos” x sin z cos” qz 


T 
for alla Æ $5 where s is an integer. 


For each positive integer number n prove that 


cos + + cos a = : 
2n + 1 2n 4-1 2n-1 2 











Let C Æ 1 be a complex number with (?? = 1. Evaluate 
22 


1 
2l 


k=0 


Prove that 


n—1 


elt fers esti pee let = | = Une], 


for all x € R and any positive integer n. 





Prove that for every positive integer n 














n + 20 n 4- 21 n + 22 
Evaluate 
Y k se 1 
0<i<j<n J 


where z is a real number. 


Let x, y, and z be integers such that ry + xz + yz = O0. Prove that 
(x +y + z)? divides z? + y? + z?. 
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M27. Let p be an odd prime. Prove that 


p-1 
k? — k zu 
` e (mod p). 





k=1 


M28. Prove that for each positive integer n > 2 the following inequality holds 
a(n) p(n) < n^, 


where ¢(n) is the number of integers that are less than n and are relati- 
vely prime with n, and a(n) is the sum of the positive divisors of n. 


M29. Let m and n be positive integers with m even and at least equal to 4. 
Prove that 


(4) 5, E 


Mas 


a 
Il 
© 


is not a prime number. 
M30. Let p be a prime such that p = 1 (mod 3) and let q = |2p/3]. If 


1 1 1 = i 1 o m 
1-2 3-4 (q—1)qg n 


for some integers m and n, prove that p | m. 
M31. Prove that for different choices of the signs + and — the expression 
+14+2+---+(4n+1) 
yields all odd positive integers less than or equal to (2n + 1)(4n + 1). 
M32. Let n be a positive integer. Prove that all binomial coefficients (7) with 


0 € k € n are odd if and only if n = 2™ — 1 for some nonnegative integer 
m. 
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M33. 


M34. 


M35. 


M36. 


M37. 


M38. 


M39. 


Chapter 8. Problems 


For each positive integer n define 
— (n+1)(n4+ 2)--- (n + 2010) 
i 2010! 


Prove that there are infinitely many n such that a, is an integer with 
no prime factors less than 2010. 


The numbers aj, @2,...,@n > 0 and b1 > bo > --- > bn > O satisfy 
ay È bı, ay + aq 2 bi + 09,..., a1 +a2 b bas 2 bi +b2 +: + dy. 
Prove that for every positive integer 7, 


al +a +--+ al >b +b +b. 


Evaluate 
CO OO 
Y 
k=1 l=k ` 
Evaluate 
DPD eas 
23 (i+j+1) 
Prove the inequality 


Remember the identity from the Example 3.5 and use it to prove that 


ers 
ques 
ca 6 


Evaluate 
= 1 
(@) ype 
= (=) 
DD ase RUE 


k=1 
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M40. 


MA]. 
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Let T' be the set of all triples (a, b, c) of positive integers such that a,b,c 
are the lengths of the sides of some triangle. Evaluate 


22 
2, gu 


(a,b,c) €T 


Prove that the inequality 


a 


991 t a2 F:': Tan 


1 ao n—i d n—i 
(Ge Ys 
Q3 Q1 


U/ 0102 eee dn 


holds for any positive real numbers aj, a2,..., an- 


184 


H1. 


H2. 


H3. 


H4. 


H5. 


H6. 


Chapter 8. Problems 


Hard Problems 


Find all positive integers n for which 


N= (1+3) (2+3) zz (n+ 3) 
is the square of a rational number. 
Let ao > 2 and anii = a2 — an + 1, n > 0. Prove that 
log;, (an — 1) loga, (an — 1) ---logs, - (an — 1) 2 
for all n > 1. 


Let a be a real number greater than 1. Evaluate 


ioe 
k=1 iar oA 


For a nonnegative integer k, define S;,(n) = 1^ + 2% +---+n*. 


Prove that 
123 ju E (n) = (n 4- 1)". 


Find all positive integers n such that 


m 


n = [[(: + 1), 


i=0 
where @mQ@m_—1---ao is the decimal representation of n. 


Let 
k 


— (k— 18 +k3 + (k +193 
Prove that a; + ag + --- + a999 < 50. 
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H7. 


H8. 


H9. 


H10. 


H11. 


H12. 


For a fixed positive integer a define the sequence 


an = (a+ a? +1) + (5) | ,n>0. 


Prove that 
CO 
Lou: "m3 
<= Gn—-1dnt1 8a? 
Evaluate 
CO 
1 a 
`“ 2k tan zk’ 
k=1 


where a Æ sm, with s any integer. 

Let n be a positive integer. Prove that 

n—1 2 
k-1 k+1 2 2 

lI (2 sin? (k — 1) + 2 sin? (k + Um — sin? =) = ( — cos” =) : 

im n n n n 


Let m and n be integers greater than 1. Prove that 


1 2 
Eb (ette + nk) ) =o 
E AREE am ey asco ko SO. 2! n 


Let X be a set with n elements. Prove that 


S YAna 
Y,ZCX 


The sum is over all possible pairs (Y, Z) of subsets of X. 


Evaluate the sum 
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H13. Prove that 


al, , (i) - : (m + 2.cos (ex | 


for any nonnegative integers m and n. 


H14. Prove that 


H15. Let n be a positive integer. Prove the combinatorial identity 


X (9C )-xe() 


H16. Let n be a positive integer. Prove that 


Beaten 


n 
k=1 





H17. Let (Fn)n>0 be the Fibonacci sequence defined by 
Fo = 0, Fy = 1 and Fn = Fayit Fn for n > 0. 


Prove that 


` D " ij = Frit. 


k>0 


Obviously, the sum lasts as long as the binomial coefficient is not 0 (that 
is, as long as n — k > k). 


DDC) 


H18. Evaluate 
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H19. 


H20. 


H21. 


H22. 


H23. 


H24. 


Partition the set of positive integers into n > 1 arithmetic progres- 
sions with first terms a1, a2, ..., an and common differences d1, do,..., dn 
respectively. Prove that 





Gk n+ 1 
= 1 di 2 
Let a1 € a9 € --- < an and bj, b2,...,bn be positive real numbers such 
that 


ai +a2 +:::+ak > bi +b.+---+ bh for alll <k<n. 
Prove that aias- an > bibo: bs. 


Prove that Carleman’s inequality, that is, 


oo 


LT k $8102 ---Qk 


Ak 


holds for every positive real numbers a1,a2,.... 


Prove that : 
TL 
4n? — 3n +5) 
Y |va| = ea) 
k=1 6 
Let p and q be relatively prime odd natural numbers. Prove that 


[et] + ye - eem 


k=1 


Let p be an odd prime. Prove that 


Y [5]- (p —2)p - 1)(p--1) 


4 
=1 
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H25. 


H26. 


H27. 


H28. 


H29. 


H30. 


Chapter 8. Problems 


Let * be an odd prime and let f : Z, — R be a function such that 


—— is not an integer, for k = 1,2,...,p— 1; 
(ii) fti + f(p — k) is an integer divisible by p, for k = 1,2,...,p — 1. 
Prove that 
p— p— 
bd 1 Y p 
je ANE 


If p > 3 is a prime number and z, y, and z are integers such that 
zJ-y-z and zy-- zz -- yz are both divisible by p, then x? + yP + z? and 
zPyP + zPzP + yPzP are divisible by p?. 


Let p be an odd prime and let 








Sq = : + l Speer 
717 2.8.4 5-6-7 q(q -- 1)(q +2)’ 
= 1 
where q = T. Assume that — — 25, — - for some integers m 


and n. Prove that m z n(mod p). 


Let n be a positive integer, and let 2" be the highest power of 2 dividing 
n. Prove that 2^" is the highest power of 2 dividing the numerator of 


pud pis. + : 
3 9 2n — 1 


when the sum is represented as a fraction in its lowest terms. 


Let n > 2 bea positive integer, with divisors 1 = di «do < ...« dk — n. 
Prove that dıd2+d2d3+- - --- di, 1d; is always less than n^, and determine 
when it is a divisor of n?. 


Prove that 


9 


u(d) 6 
Pe 
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H31. 


H32 


H33 


H34. 


H35 


H36. 


Prove that e 
X c(d)u (5) zig 
d 
dn 
Prove that 
1, if mis not a power of a prime 
[[@@= 4 1 . ! ! 
—, if n=p*, with p prime. 
d|n p 


Let an be a sequence of integers that satisfies 


Sas = 2" for all n > 1. 
d|n 


Prove that n | a4 for all n > 1. 





Prove that x 
Y oin) _ 9 
2n—1 
n=l 
Let p be a positive prime, and let r be a positive integer. Consider the 


positive integers n and m such that n > m > p" — p"! and the integers 


Q1,...,@n. For any 0 < 7 € n denote by s; and t; the number of sums 
of the form Qj 48, with 1 < t1 «-::« ij € n which are, and, 
respectively, which are not divisible by p (thus sọ = 1, tọ = 0). Prove 


that a 
S= S (cay C i i "Das. =0 (mod p) 
j=0 
and z 
(n—m-j 
T= Ycv( j es =0 (mod p). 
j=0 
Evaluate 











11 ns 12 a 13 aye 
L23 A5 2.3.4 \5 3.4-5 \5 
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H37. 


H38. 


H39. 


H40. 


H41. 


H42. 


Chapter 8. Problems 


Let a be a real number. Define the sequence (£n)n>1 recursively by 


£ı = land z444 — a" +NTn, for n 2 1. 








Prove that 
OO n 
IGORS 
d Tn4-1 
Evaluate 
2; 2. (i+j+ 2)! 
Prove that 
— ou 
a k 90 
Evaluate 
l 
= k = k2'+1 
Let a1, @2,...,@199 be nonnegative real numbers such that 
aj +43 +: + aio = 1. 
Prove that 
2 2 2 v2 
0192 + A43 + mer + Q1902@1 < 3 ; 
Let zi,...,2100 be nonnegative real numbers such that 


Xi + Ti+1 + X422 < 1 for all ¿ = 1,...,100 


(set 21901 = 21,2102 = £2). Find the maximal possible value of the sum 


100 
S = ) Ti2i42. 
=i 
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H43. 


H44. 


Prove that for any real numbers z1,2z5,...,24 and any nonnegative real 
numbers 71,72,...,Tn the inequality 
TL 
) min(r;,7;)x;x; > 0 
1,j=1 


holds. (The sum is over all pairs (i,j) with 1 € 4 € n and 1 € j <n.) 


Let a1, 61, a2, b2,...,@n,bn be nonnegative real numbers. Prove that 


n n 
` min(a;aj, bib;) < ` min(a;b;, ajbi). 
1,j=1 i j=1 


Chapter 9 


Solutions 


1 Solutions to Easy Problems 


El. 


E2. 


Evaluate 
(6! + 5!)(5! + 41) (4! + 3!) (3! + 2!)(2! + 1!) 


(6! — 5!)(5! — 41) (4! — 3) (3! — 2!)(2! — 1!) 


Solution. We have 


Se Oe att 
(6! — 51)(5! — 4!) (4! — 3!) (3! — 21)(2! — 11) 
_ (1-50 (6- 4(5 - 3!) (4 - 20) (3 - 1!) 


= (5-55(4-4)(3-3)2-2)(1-1) ^P 


after simplifying. We used the formulae 
(kA+1)!+k!=(k+2)-k! or (k+1)!—k!=k-kl. 
Prove that 


1-n42-(n—1)+3-(n—2) +--+ (n—1)-24n-1 = PEE DOF) 


Solution. Indeed, we have 


EEE E ed boost Deis M di 
k=1 
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k - n(n--1) n(n+1)(2n+1) 
=(n+1)) k— 9 K = (n4 1)——— — > 
a D ; 


on(n 1) _ n(n-E Dn 2) 

ER BS MA CEU a 

according to the well-known formulae for the sum of the first n positive 
integers and the sum of their squares. 


(3n 4- 3 — 2n — 1) 


E3. Find a general formula for the sum 


l4 114-111-F-:--11...11. 
n digits 


Solution. We have 


n 


13531 a Se 323 i2 yo 1571, yg a 
.11= "A5 ; 





9 
n digits k=1 


9 9 9 





n n—1 n 
2 Geant 
245 =), ¢ = 

k=1 j=0 q 

for all q Z 1. 
E4. Evaluate the product 
IT 4k? — 3k + 1 
Ak? —3k — 1 


k=2 


Solution. It is easy to factor 


4k’ — 3k + 1 = (k + 1) (2k — 1)? 
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and 
4k? — 3k — 1 = (k—1)(2k +1)”. 
Thus the product that we want to calculate becomes 


n 


DIS um k+1 IT 2k — 1M 
4k3 3k —1 — k—1 2k 4-1 








k=2 k=2 k=2 
2 
efi ES Ian) 
. n(n+1) 3 2 = 9n(n +1) 
|. 1-2 (ant 1)  2(/n4 1)? 


since both products telescope. 


E5. For a fixed positive integer n let aj = 22% k, k= 0 baran, 


Prove that : 


à1-- a9 





(a1 — ag) +: (an — Gn-1) = 
Solution. Here we use 
(a? +a+1)(a? —a4+1) = (a^ +1) — a? = a* +a? +1, 
more precisely we use it in the form 


ata del 


2 
— [————— 
Q a + SPRINTER 


This allows telescoping products like 


9n—1 


(a? — a -- 1)(a* — a? +1)--- (a? —a +1) 


| a*+a?+1 a5 +at +1 a2" pa? +1 a2 ta?” +1 


“atati ddail a@ +a 41  dra4l 
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In our case 


n n n ok+1 n ok-n 
k-n k—1—n 2 + 2 + 1 
] | (ae — ax-1) = [2-2 +1) = || 5—=—e 
k=1 k=1 k=1 2 +2 +1 
7 uc T 7 


«o 9Hi-^ [9230-i-^ (| — 23217^ 41,277 a tag 


on-—-n 


E6. Prove that for all positive integers n 


A k 
D a 


k=1 


Solution. We have, indeed, 
k Af k+1 1 
Erg diu vr) 
n 
PA E 


k=1 
1 


i (n 4- 1)! 


I 


« ]. 





E7. Evaluate 
Y k+1 
"um (k — 1)! -- kh - (k+ 1)! 
Solution. We have 


(k — 1)! J- kl -- (k 4-1)! 2 (k — 1)! (1 4- k 4- k(k 4-1)) = (k-1)"k +1), 


hence 
TL 


k --1 1 
Pam" 2 TI) 


1 
= eri ny 


as we have seen in the previous problem. 
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ES8. Evaluate 
E (5+ k+1 Gm) 
Il (2k + 1)? 


Solution. Because 


1 k+l Ak? + 12k +9 
8" @k+12 G ^ 


1 (2k+3)? 
(2k +1)? 8(2k + 1)? 8 


the product telescopes, as expected: 


E9. Evaluate 


3n? + 1 
a (n3 — n)3 
Solution. Notice that 
2(3n^ + 1) = (n + 1? — (n — 1)’ 
therefore 


Yes 3n? d 
(dc ud 

4 (n n)’ Ped 

1 1 1 


—.2 ((N+1)N)3’ 


for any positive integer N > 2. Consequently, 


(n3— n)  N2e V16 2 ((N+1)N)3) 16 


n22 


(2k+1)2 


T /1 k+1 \ 1 TT (2k+3) 
Ga) ell ge 


E M 2(3n? +1) 1< E 
i e ill E, 
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1 (2(k+1) +1)? 
8 (2k+1)2 ^ 


(2n + 3)? 
8^ .9 


and n? —m — n(n-— 1)(n 4 1), 
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E10. Evaluate 


ki(k? + 1). 
k=1 


Solution. We have 


ya (k? +1) = e» ((k +1)? — 2(k +1) 4- 2) 


k=1 


3 


= Y ((k +1)!(k +1) — 2(k + 1)! + 2k!) 
k 


j= 


((k+2)!-—(k+1) )-2Y^( ((k 4- 1)! — k!) 
k=1 k=1 
= (n+ 2)! — 2! — 2 ((n 4- 1)! — 1!) 
= (n 4- 2)! — 2(n 4- 1)! 2 n(n 4- 1)!. 
We used 
(k 4- 1) (k 4- 1) = (k -- 1)! ((k 4-2) — 1) 2 (k-F 2)! — (k 4 DE. 
E11. Consider n arithmetic progressions with the same common difference d 
and having their first terms 1,2,3,...,n. If S(n,k) is the sum of the 


first n terms of the arithmetic progression that has its first term k, prove 
that 


2 
$(n,1) + S(n, 2) + S(n,3) +--+ S(n,n) = = (2 +(n—1)(d+1)). 
Solution. Indeed, we have that 


S(n,k) = 


for each 1 € k € n, therefore 


n(n — 1 s n(n-—1 
Em k) -Y (mee 24) cnl gen IR 


k—1 


n(2k + (n — 1)d) 
2 ) 


| minti) nm*(n-1), n 
M de T (2+ (n-1(d 1). 
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E12. Let aj,a2,...,@n be an arithmetic progression with ay Æ 0 for all 1 < 


k <n. Prove that 
n—1 
1 n— 1 








ara Qian 
=i kúūk+1 1n 


Solution. Let d be the common difference of the progression, that is, 
d = 29—40;-—-:::— An — An-1, 


and, more general, a; — a; = (j — i)d for all i,j € {1,..., n}. 


The key observation (for telescoping) is that 




















1 1 d | 1 wn enid —) 
akük+1 d akük+41 d Qkük+i d \ak akı) 
Therefore 
= -15 ( 1 1 \ (1 (2 1 \ 
= oem dw \G k+ d\a, Qn 
B 1 An—a, n-i 
d ün an 


as desired. 


Many sums of this type are encountered; for instance, 


duni = 1 n-1 
D T TET -EG-£)- dé NE AE 





OT 








n—1 n—1 
3 1 
CS PESE Ha" a 


k=1 
TEM NE er 
5 6n—1/  5(6n—1) 


M 


O| = er 
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This also allows the computation of the corresponding infinite series. 
Thus 


a ae pes —1 
k(k--1) no k(k+1) n> nj ^7 


k=1 


and, similarly 


Ms 


1 NE 1 
(6k — 1)(6k +5) a 2, (6k — 1) (6k +5) 


— lm 1/1 1 1 

|». n396 V5. 6n—1/ 30 
Notice that a converse is also true. Namely, if, for the nonzero real 
numbers a1,...,04, we have 


a 
I 


1 








= | 
: 1 j—1 
k=] Qkak+1 0105; 

for all 2 < j € n, then aj,...,@, form an arithmetic progression. Indeed, 


by subtracting the above equation from the similar one obtained by 
replacing j to j + 1, that is from 


e d j 


Ecl QkQk4-1 ^ araj 








we obtain 
1 J 7-1 


Ajaj+1 010j4-1 aa; 





After clearing the denominators and rearranging a bit, we get 


(j — 1)(aj+1 — aj) = aj — a 


for 2 < j < n— 1. For example, when j = 2, this gives a3 — a9 = ag — a4. 
We denote d = a3 — a2 = a2 — a1, and see that aj = a, + (k — 1)d is true 
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for k € {1,2,3}. Assuming this to be true for k = j, we get (from the 
above equality) 


(j — 1)(a541 — Q4) = (j — 1)d => Aj41 = a; +d > Qj41 = Q1 + jd, 


thus a, = a1 + (k — 1)d is shown to be true for all k € n, by induction 
— which is what we intended to prove. 


E13. Let aj,a2,...,an be an arithmetic progression with positive terms. Prove 
that 


1 1 1 n—1 
a 
vait a2 yaz + /a3 Van-1+ Jan yar + yan 


Solution. Let d be the common difference of the progression, so that 
ak+1 — ak =dforl<k<n-1. 


Then 


Saa ES aes - va 
Van 7 Vae 1S N 
^E Qk+1 — f Akt1 — ak d n 


(aah MEET var dodi Var 


(n — 1)d An — 01 
i n— i1 
a1 + ./An,_ 


Prove in an analogous manner that 


Y 


1 n—l 


2 Tas vam eva V/a? + Yaan + $/a2 


E14. Prove the inequality 


1 1 1 
—— M — M —Ó—— 4071€ 
Vl1-4 V3 V54+V7 9997 + 4/9999 


202 Chapter 9. Solutions 


Solution. We proceed as in the previous problem in order to get 


5000 5000 x da = J2k—1 
2. vV2k —1-4- /2k -1 on 


3 99 
= 5(V10001 — 1) > 7, 


the inequality being equivalent to v 10001 > 100 = 10001 > 10000. 


Now, for the sum from the statement of the problem we have 





2500 1 2500 1 1 
Y TUTO RTT acrem) 
5000 
5 RST ET >= > 24, 
ND v2k—1-4 ET +1 
as desired. 
E15. Evaluate 1 
Dec elt 
n k 7 
E 
_1 [4 = 
k=1 k^ + 1 


Solution. We have 


1 1\ ae 1 1\ em 1 
2 d Ld es tan = i 
k iG ;) (x ees) (e$) (x kt 


1 1 1 
k4 = 2 2 2 — = 
+3 (s erg) (x kg) 
1 1 
eno kt 
Mice dde 
1 1 
HE kies 


= a 
K-14 5 (E)? -(k+1) +5 
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consequently 
1 1 1 
n k^—— n k—- (k--1)—- 
` 2y EM ee ee ee, MORE 
1 1 1 
k=1 kt + 7 k=1 k-kt (k+1) -(k+1)+3 
1 1 
1-- 1)—- 
7 RR al 8 
B 1 1 
-1+3 (n+1)*—(n+1) +5 
1 
ES LEN _ n? 





ihm 
2-1 
i= 

1 k4 + — 

k=1 D 


E16. Prove that 
9999 


2 UE EET) (VE EET] 
Solution. Indeed, we have 
(Va + vb) (a+ vo) (va- Vb) = (Va + vt) (Va - vb) =a—b 
for nonnegative a and b, thus 


(Vk +1+ Vk) (Ye+1+ Vk) (Ve+1- Vk) =1 


for k > 0, and 
9999 1 9999 
—— 3 (8) 


k=1 (Vk VE+1) (Vk Ve +1) = 
— 710000 — 1 = 9. 
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E17. Find the closed form 


E18. 








iq p du E +4/1+ ar ew 
12 ` 22 22 32 19992 ' 20002 


Solution. Here we must observe that 





TIE S kt + 2k? + 3k? +2k+1  (k?+k+4+1)? 
e ae Kk + 1)? ~ “Ek ly 
1 2 
E (1+ am) | 
Consequently, 
1999 1999 1999 
1 1 1 1 1 
ao i: [duce nes A E 
d+ xt iy 3g) (OE 2) 
k=1 k=1 k=1 
1 83999999 
zA EE 
999 + ~ 3000 = 2000 


Evaluate the sum 


1 
2, V2k + V4k2 — 1 


Solution. Knowing the formulas 


ENE eala C 


for de-nesting nested radicals of order 2 can be very helpful here. 

(Of course these formulas work for nonnegative a and b such that a°—b>0 
and they indeed de-nest the radicals only if a? — b is a square.) 

For a = 2k and b = 4k? — 1 (and with a plus sign) we find 


/ J /2k— 1 
2k + v 4k? — 1 = aT + i ; 
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and reveal the sum to be an old friend: 


Prem vVAk? — 1 oN eee as JE 
ee - /2k — w 


k=1 


= V (Vins ] — 1). 


E19. Let an = 4/1 + (iz «uis i-i) ,n > 1. Prove that 


Q1 Q2 a20 
is a positive integer. 
Solution. We have 
Eo k _ V2k* + 2k+1-V2k? — 2k -1 
ak  V2k? -- 2k -- 1-- 2k? — 2k - 1 4 
therefore 
20 4 1 2 
y -—- 2 3 (Vv 2k 2k 1— V 2k? — 2k +1) 
Qk 4 
k=1 k=1 
1 2 
- 33.0 2(k 1? - 2(k 1) -1— V 2k? = 2k +1) 
k=1 
1 


zs 2.912 2.214 1-— 2:12-2.141) =7, 


a positive integer. 
E20. Prove that 


Y 1 2n 
inski ni 
= kiin—k)! n! 
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Solution. This is more like a joke: after multiplying by n!, the identity 


to prove reads 
Yea? 
k!(n — k)! 


that is, 


^. fn 
— yn 
Y()-T 
k=0 
which follows instantly from the binomial theorem. 


ORURO] 


i ne a e T! 


Evaluate 


Solution 1. We have 


1 (nV 1 n! |. 1 (n 4- 1)! 
k+1\k) k+1 kt(n—k)  m-1 (k+1)!(n-— k)! 


u 1 n+1 
—. n4c-1Nk- 1/7! 








therefore 
> (=> 1 (3+) = 1 rg 
o hr k tod k --1 ntl j 
-L oy, 


by the fundamental formula, again. Indeed, we have 

n+1 

D ant (PET) aaa 
ja : 

Solution 2. Now we integrate the formula 


3 oi = (1+ z)^ 


k=0 
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with respect to x, on the interval [0,t]. We get 


| » o) J E [o +2)"de 


k=0 


n n 1/71 1 
——— = —— ((] Tip. 
E05 - seen 


Again we arrive at a more general formula than the one that we need to 
prove, which can be obtained by specializing to t = 1. 


E22. Prove that 


Ga Ore Ed ir) aaa Oar La 


Solution. By the recurrence formula of the binomial coefficients, that 


Os) = Q6 997 C1)- 679 


we have 
EV a D Ey a A) 
gps aera 1 
_ me), 


Note that, when used for 7 = m, the recurrence formula is usually written 


l Conai 
Pree se T a] 


rather than 
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(the last binomial coefficient is considered to be 0). Also note that we 
can also put the formula in the form 


MR LaL pres Lie Loc 
+ + Te = | 

n-m n-m n-m n-m n=m+1 

(due to the formula (5) E (Lea)? and, if we denote p — n — m, it 


becomes 


Ee O Ct) 


We have here basically the same identity, but in a different form, that 
often appears in the literature. After multiplying by p!, we can also 
express this as 

n 

Š IG -1)---G-p+1)= 


j—p 


(n+1)n---(n—p+1) 
p+ 


This last identity (which we met in the first chapter) can be proved by 
telescoping with 


jd-):-G-r-0- (G+ IG - YG —P + 


=99 = 1) es pad»). 


2008 2008 2008 2008 
Os) 202) CS) UE) 
2008 2008 
DRE 9 l 
+ 2004( 205) + 005 (7) 


Evaluate 


Solution. The two already discussed formulae 


borgo o Bong 
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which hold for n > 2 imply 
Donte -2)(7) = cw) : 23 cn Jx 


We can rewrite this as 


(A + (2) +S-nra-a(%) ra- 


and we deduce from this one that, when n > 4, 


n—1 


YED - 2) e = —2 +n + (-1)"(n — 2) = (n — 2)(1 + (-1)”). 


k=3 
For n = 2008 we get 


2007 : 
» (71) (k 2 (x) — 4012, 
k=3 

and this is the sum we are asked for. 


E24. Evaluate the sum 
2G k+1 _ 9k+1)° 
= \(3 DER 
Solution. We have 
in 6^ 6^ 
(3% — 2h) (3R+1 —2kH) ~ LM (3% — 2k) (3k+1 — 2k+1) 


k=1 
n 


l 9k ok+1 
lim 2 (sm 9k - 3k+1 = y) 


l o9ncl 
lm (2 ~ antl _ pu) 


l Qa B 
a (2 7 Da) =e: 
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E25. Let F, be the nt? Fibonacci number (Fi = Fo =1, and F, = Fna Fra 
for all n 2 3). Evaluate 
OO 
Mus em 
ko Pk 


—1Fk+1 


Solution. We have 


= F F F. 
` k = lim Mm 3 erm k+1 7 £k-1 
k=? Fk—1Fk41 T,— 00 s Fk- 4— = im Fy 1Fk+1 








| 
]E 
2B 
IM- I 
JOE TN 
P 

| 
z - 
NX.” 





ll 
= 
iB 
STTTS 
A 
+ 
D| — 
| 
&|- 
| 
= - 
NLA 


: _ 1l 
since lim E, clearly equals 0. 


E26. Prove that for alln > 3, 


IT 1, k’+k+1 |. 14 n? — nA? 
9 (k-138 J 3-1 2 ' 


k=2 








Solution. We have 
1. k?+k+1 (k—1) +9(k?+k+1)  k?--6k?--12k4- 8 


9° (k-13 — 9(k — 1)3 7 9(k — 1)3 
| (k+2)° 
9(k — 1)3’ 
thus 


= /1 k?+k+1 - (k +2) — (n—1)3n3(n +1) 
Ir um) Magis ee sors 


uH 1 n?—n : 
| 32n—1 9 ' 


1 
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Or, because the result is already given, we can use induction. 
For the induction step we need to show that 


1 f(n5—-nWM 1 nnl B 1 (n+ 1)? —(n4+1) i 
32n—1 9 9 (n — 1)3 ~ 32(n+1)-1 9 i 


which basically reduces to the same identity as above, namely to 





1 n?+n+1  (n42) 


9 (n=-1}  9(n-1)9 
Let i denote the imaginary unit. Evaluate 


nore 
zo Depp TE 


Solution 1. Factoring we see that the given product is 


yy tie ee +1) zy (k-- (k--1— i) 


jjam 


I1i1-ickKk-1) i5(kricü(k-i) 
-JI k+i k+1—i 
i im k+1l+i k—i 


In this splitting both products telescope and we find that the product is 


Ip IE. 2(n+1) | r(n+2) 
an loitkk+1) (ncilci(1—i n?+2n42 n2 + 2n +2’ 


where we have noticed that 1+i = 7(1—7) to cancel and multiplied both 
numerator and denominator by n+ 1— i to make the denominator real. 


Solution 2. We can also solve the problem in a harder (but, we think, 
instructive) way. We have 


1 ir k(k--1) — k^ -- k -- 12- i — ry (cost, + isint,), 
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where 
ry = V(k? Ek - 1)? 4-1 


is the modulus and 


tk = arctan Rahal 


is the argument of the above complex number. Similarly, 
1—it+tk(k+1) =k? +k4+1—-—1i=r,(cost, — isintg), 
thus 


1+i+k(k+1) _ rp(cost, +isin ty) 


1—i+k(k+1)  rp(costy —isint,) cos(2t) + tsin( 2th); 


and 


n 
Iri ne Il: COS (2t) + isin(2t;)) 


n 
= cos 5a) + isin 5a) i 
k=1 k=1 


Now we have 











1 1 1 
tk = arctan Baki = arctan p arctan ka? 
hence 
= 1 T 1 
N tr = arctan 1 — arctan = — — arctan ———, 
n+l 4 n+l 
k=1 
and 
1 k( 1 1 
Il DUUM = sin | 2 arctan +2zcos | 2arctan ; 
t 1—i+k(k+1) n+1 n+1 


We also used cos(7/2 — t) = sint and sin(rt/2 — t) = cost. 
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E28. 


Explain how the results of the two solutions fit. Also, remember that we 
evaluated 


3 arctan a arctan(n + 1) 
= k?+k+1 


in Example 2.47, yielding 


Y arctan ME R arctan(n + 1) — E 
men k2+k+1 4 


However, in this solution we get 





n 
Y arctan ——— = rz arctan ! 
= k?+k+1 4 n+1 


Why are these two results one and the same? 


Prove that the identity 
(aty+z)?—(2°+y?+2°) = 5(x+y)(x@+z)(yt2) (3 -y^ z^ ny oz yz) 


holds for any numbers x, y, and z. 


Solution. Transforming sums into products (that is, factorizing) is 
always a question of interest in mathematics. But this is not the only 
reason for which we consider this problem in a book about sums and 
products. The solution that follows is in connection with the so called 
sums of powers. More precisely, let us denote 


S=xt+yt+2z, Q=ryt+aez+y2z, P= tyz 
and 
Sy = x^ + y + zh, 


for integer k. (Sx is thus the sum of kth powers of x, y, and z.) Accord- 
ing to the fundamental theorem of symmetric polynomials, every such 
a polynomial in three variables can be expressed as a polynomial in the 
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fundamental symmetric polynomials, which are S, Q, and P. In particu- 
lar, Sk must have such expressions whenever k is a positive integer. For 
instance $1 = S, 


S5 = (xz +y + z)? — 2(ry + xz + yz) = S? — 2Q, 


and 


S3 = S? — 38Q + 3P 
(as we will see in a moment). Of course, So = 3. 


(Note that similar expressions can be found for negative integer k, too, 
but as rational fractions. For instance, 


5.1 = Q/P or So = (Q? = 2PS)/P? 
are immediate formulae, but this is not our matter of interest for now.) 
Coming back to our problem, we see by direct computation that 
f(t) =(t-2)(t-y)(t-—z) = È — SÊ + Qt — P. 


Consequently, 
z? — Sz? + Qz — P = f(x) = 0, 


which implies that 
a” — Se*-1 + Qa? — Pr*3 =0 


for all k. Of course, similar equalities hold for y and z, too. Adding the 
three such equations yields 


Sk — SSp-1 + QSp_-2 — PSk-3 = 0 & Sk = SSk-1 — QSk-2 + PSk-3 


for all integers k, that is, we get a recurrence relation that helps us 
express S% in terms of S, Q, and P for any k. Thus 
S3 = S5. — QS) + PSo 
= S(S? —2Q)-QS+3P 
= S? — 38Q + 3P, 


1 
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as we already said. We go further with 54: 
54 = $53 — Q5» + PS; 
= S(S? — 39Q + 3P) — Q(S? — 2Q) + PS 
= St — AS?Q -- APS + 2Q", 
then we get 
$5 = S94 — Q53 + P5» 
= S(S^ — 4S*Q + APS + 2Q^) — Q(S? — 39Q + 3P) + P(S? — 2Q) 
= S? — 58?Q + 5PS? + 5SQ? — 5PQ. 
Consequently, 
(zy - z) — (2? y? +2") = S? — Ss 
= 5S°Q — 5PS? — 5SQ* + 5PQ 
= 5(S* — Q)(SQ — P) 

and in this form it is not hard to factorize, is it? But 
S —Q-—(x-c-yczyf-(xzy-Mzzcyz)-—m^-cy +2 +aytaezt yz 
and 

SQ — P = (x + y + z)(zy + zz + yz) — tyz = 

= zĉ?y + zy? + zx?z + zz? +y’ +yz? + xyz 
= (x +y)(z + z)(y + 2) 
(get the factorization!) hence we obtain the required identity. 
Note that, by going on in the same manner we will get 
S7 — S7 — 1(SQ — P) (St — 282Q + PS + Q?), 

hence another (hard) identity: 

(x+y +2) — (z/ - y! z^) 2 "(x + y)(z + z)(y +2) 

((2? +y? + 2? + ay + az +yz)? + 2yz(e+y + 2)) ; 
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If one lets z = 0 in these identities, then one gets other (not easy to 


prove and useful) identities. Find them! 


E29. Evaluate the following sum for every positive integer n 


(n — Dus 


T 2T 
1 + cos — + cos — +::--+ cos 
n n 


Solution 1. For a real number z and a positive integer n, we denote 


A = 1 + cosg + cos2z +--+ cos(n — 1)x 


and 
B = sing + sin 2z + -:---Fsin(n — 1)z. 
We have 
A + Bi = 1 + (cosz + isin x) + (cos 2z + isin 2x) 
+---+(cos(n — 1)z + isin(n — 1)x) 
=1+z+z Bez", 
for z = cosg + ising (hence z* = coskz + isinkz, by de Moivre's 


formula). Now 


P EE ER uL MN E 





l—2z 1-cosz-— isinm 
2% in ( s +isin—) 
yK 1 Far c um pa reet n 
B 2S 7 CO 7 2 
i —2isin = (cos = + isin = ) 
9 2 9 


sin aoe 
9 —1 —1 


T 2 2 
S) 


because, by the usual formulas, 


c T 
1—cosz—isinz = 2 sin? 572 sin 5 cos 5 Eu sin 5 (cos 2 C-4sin =| i 
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Thus we obtained 


, NT 
sin — 
—1 -1 
A+ Bi =—*% cU gay pr Le : 
sin — 2 2 
2 


which, by equating the real and imaginary parts, yields 


. nt  (n—l)z 
sin — cos ————— 
A= » cos kx = a 
sin — 
2 
and 
_ nz , (n—1)c 
sin — sin -———— 
ee aen 
sin — 
2 
In particular, for x = m/n, the first formula gives 
sin — COS fpem EDT 
2 — 1 9 
ena ETE LU NS Lie L — ees — i 
n n n sin — 
2N 
since 
— 1 
sin - =] and cos (= Lm = cos (5 — =~] = sin — 


This suggests that the original problem has a simpler solution. 
And, indeed, we have 


Yt con e Ur E -F es (x) - PLI 


(because when k runs from 1 to n — 1, n — k does precisely the same 
thing), implying our result 


n—1i ho n—1 lox 

X cos — 20€ 5 cos — — 1 
n n 

k=1 k=0 
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However, the calculation of the more general sums A and B is important 
and interesting; that’s why we come with two more solutions. 


Solution 2. We can evaluate (as we already have done before, but 
repeating is not a bad thing) 


2Asin 5 = LE = E (sin (kz + =) — sin (kz = =I) 
= Y (sin ((x +1)x- =| — sin (kar — z)) 
= sin (na = =| — sin (-5) = 2sin — cos € 


and we find again the above result. We invite the reader to proceed in 
the same way, in order to recapture the formula for B. 


Solution 3. Once we know the formula, we can also use induction. 
We prove the formula for the sum B: 


na n — l1)x 
n—1 sin — sin (n — De 
` sin kr = —_2___ 2 
k=0 sin 2 


This is clear for n — 0, or for n — 1. Assuming it to be true for n we 
would get it for n 4- 1 instead of n if we showed that 


. nz , (n—1)c . (n+1)xz , nz 
sin — sin ————— sin -———— sin — 
: —7 2 +sinns = —— À—4,—-—*-, 
by sin 5 
or, equivalently, 
sin us sin mem + sin nz sin 5 = sin = si = 


2 ne 


And this is true, because 


(n — 1)z 


, . x 
+ sin nz sin — 
2 2 


o nT , 
sin — sin 
2 
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= sin — sin ae +2sin — cos — sin? 
2 2 2 2 2 
ol 1 
= sin 7 (sin 9 4 200s sin g ) = sin HEDE n 


where, for the last equality, we used 
sin(a — b) + 2 cosa sin b = sin(a + b) 


for a = nz/2 and b = 2/2. 


Finally, observe that formulas like 


n—1 sin —————— cos — 
` cos kx = — 2 ~ 
k=1 sın 2 
Or 
in On — 1) 


Pies 


can be easily obtained from the above formula for B, by the the usual 
trigonometric transformations. 


i: 
J nal 
sin 7 


E30. Evaluate 


2 k(k+1) 
els 


k=1 


Solution. One sees immediately that k(k + 1)/2 is even if and only if 
the remainder of k when divided by 4 is either 0, or 3. Thus the sum 
actually can be expressed as 


2 k(k+1) 
$3.71 2" = -1-14+14+1-1-14+141---., 
k=1 


(it starts with two —1s followed by two 1s, and this pattern goes on and 
on), thus a quick answer would be 
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0, nz0mod4 
cn Bl) —1, n=1mod4 
—2, n=2mod4 


xs —], nz3 mod 4. 


Although very rapid, this answer is also a little bit naive, as it does not 
offer a unitary closed form for the given sum. We will see two ways to 
do that. 


First, if we write s,, for the given sum, we immediately note that s; = —1, 
$9 = —2, s3 = —1, s4 = 0, and $444 = Sn for all n > 1. This is a lin- 
ear homogeneous recurrence relation, of order 4, with the characteristic 
equation z^ = 1 having four complex (and distinct) solutions +1 and 
+i. Thus there exist constants a, b,c, and d such that 


Sn — à 4- b(—1)" + ci” + d(-2)”, 
for all n > 1. The initial conditions produce the equations 


a— b+ ci -— di = -—1, a+b-—c-—d=-, 
a— b-— ci + di = -—l1, anda+b+c+d= 0, 


which are easily solved to yield a = —1, b = 0, c = d = 1/2. 
Consequently, 


Ly, ; 
Sn = —1 + "Au + (—i)^). 
Further 


i^ + (—i)^ = cos — + isin £ + cos Z — isin — = 2 cos L 
UU S 2 2 2 2^ 


thus we finally get this (maybe a little surprising) formula 
- k(k+1) TT 
$3007 = —] + cos E 

k=1 


for every positive integer n. 


1 
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Another way to proceed is to observe that 


Ve Sis Fie PARL 


k=1 4j<N 4j—1<n —2<n 4j—3<n 


where the first sum from the right hand side is over all indices j > 1 


(positive integers) satisfying 4j < n and it comprises all terms from the 
k(k--1) 
initial sum of the form (—1) 2 with k = 45. Similarly, the other three 


sums consist of the terms of s, corresponding to indices congruent to 
3 (respectively to 2, respectively to 1) modulo 4. Since there are [n/4] 
values of 7 > 1 satisfying 47 < n, the first sum from the right equals 
[n/4], and similarly we evaluate the other sums, getting the result 


Fete p) []- E- pe] 


=! 














Again, this is somehow unexpected, isn’t it? However, we obtained it in 
a very natural way — thus it actually is very natural, too. Also note that 
the nice identity 


1 2 
a |l- |- [E] e eem nem, 











4 4 4 4 
follows since the two results must be equal. 


Evaluate 





k=1 


Solution. As in the previous problem, we immediately (and naively) 
find the result 


n, n=Omod4 
y (1) e. —1], n=1mod4 
—n—1, n=2mod4 


ans 0, n z 3 mod 4. 
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But, again, this is not satisfactory enough. 


We can use an Abel type summation formula (a very simple case), 
namely 


n 


n 
Y kay = X (ak +: + an) = n(a1 as) — Y (a + aa). 
k=] k=1 k=l 


n 


k(k+1) , : ; 
For aj = (—1) ? we obtain, according to the results of the previous 


problems, 


k jn , nT - i (k — 1r 
3 (1 k-n(- pee — mes say 


k—1 
n 
k—1 
= n cos > Metu 





ntr  (n-—1l)r 
sin — cos ca 
= n cos — — —4__, 4_. 
sin 4 
This can also be written as 
. (2n — 1)m 
Y (-1) MER. cos 27 ud 1 
k—1 2 2 sin 1 2 


after using a product-to-sum formula for the numerator of the second 
fraction in the first form of the result. 


We can also write the sum in the form 


y(- = Y 4j+ > (4j —1)— p (4j—2)— ` (4j —3) 


k=1 Aj<n 4j—1<n —2«n 4j—3€n 





and the reader is invited to check that this leads to the following formula 
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with integral parts: 
Don EHD EP HE n+1 m n 1-2 i n+3|? 
= 4 4 4 4 
n n --1 n 3 
2 |Z] | 
e HET] 

Observe that we can equate the two results and get another (not so nice 


as in the previous problem) identity. Finally, we invite the reader to see 
that the following equalities 

















»»- [5] (5] 9 - [22] 
- (y 5E _ DEDE 1)-1 


hold, by using techniques similar to the ones above. Also, observe that 
any of these formulae can be proved by induction - we only need to know 
the formula! 





E32. Prove that 
e a AD, o an 
= aa a OA |. n+l 


Solution. For any positive integer m we have (as i? can be replaced by 
the sum of the first i odd positive integers) 


5oy = pe pend » 2j — 1) Ue (2j = 1) s (yet 
i=l i=1 = j=l i=j 
EST E spate oe i 
+ (3; - 1) 5 


Qo, 
| 
E 


-yy Fay C27 S95 - y). 


Il 
M. 


No 
| 
E 
V3. 
| 
E 
Q 
| 
Im 
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By using the already known results 


m ("om d ex L m Basra ú 
2264 c 9 ’ 


m 


j= j-1 


and, again, the sum of the first m odd positive integers, we get 


- i 2 m m(m + 1) 
3 (-1) t*1;2 EX (—1) a 


Now the required sum becomes 


pow : 
"y (2-192 k=1 


i=1 
22(1-— 1 _ 2n | 
n+1 n+l 
as desired (probably the simplest and the most known telescoping sum). 
Note that during the proof we also used the geometric series 


Eu jet 








4g C8 49 (7-1) 


1—8S 
for nonnegative integers s < t, a formula that, we are sure, the reader 
will be able to handle by her/himself. 


Moreover, observe that, starting with 


m 


Soy = M (2-1? - X (25) 


i=l 2j—1<m 2j <m 


_ p(4p°—-1) _ 2q(g + 1)(2q + 1) 
3 3 | 
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where p = |(n + 1)/2] and q = [n/2], one can also come up with the 
formula 


m 


Soyse-aym [mt P pen 


i—1 


Although not in this problem, the formula can be useful in other situa- 
tions, and it surely is interesting by itself. 


E33. If ri,T2,...,r4 and ti, to,...,tn are real numbers, prove that 
Ti n 
3 So rer i cos(t, — tj) > 0. 
k=1 l=1 


Solution. Let zk = ry(costy +isint,) for 1 € k <n. We have 


0«& lei sepa 


= (rı costi ++ + ra costas)" + (rısinti apes + rn Sin tn)” 


n n 
= p Tk COS 3 x T, COS a) + «(x Tr, Sin 3 o Tr; sin | 
k=1 k=1 l=1 


TL n 


TET] COS tk COS t; + ) X rrisin tg sin tq 
1 k=1 l=1 


Me 


M: EM: 
[s 


Tkri(cos tj cost; + sin ty sin tj) -y 3» rr, cos(ty — ti), 
l k=1;l=1 


e 
| 
Em 
e 
| 


as required. 


E34. Prove that 


(v3 + tan 1°) (v3 + tan 2°) zr (v3 + tan 29°) = 279 


Solution. We use the formula 


sin(a + b) 


tana + tan b = s 
cos a cos b 
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Accordingly we have 


sin(60° + k°) | 2sin(60? + k?) 
3+ tan k° = tan 60? + tan k? = ——————— = —______, 
v3 + tan SEI a cos 60° cos k? sin(90° — k°) 
Consequently 
29 29 


oV. TT 2sin(60° + k°) — 
Th iets ) = e-;m =? 


because the sines from the numerator are the same as those from the 
denominator, and they all simplify. 


Evaluate 
(1 — cot 1°)(1 — cot 2°)---(1 — cot 44^). 


Solution. We have 


cos k? — sin k? 


cot k° — 1 = - 
sin k° 
/2(cos 45° cos k? — sin 45° sin k?) 

i sin k? 

.. V2 cos(45? + k?) 

.. eos(909 — ko) ' 
hence 
44 44 44 


[[a-o9) = [ [Go = [55869 9 _ (yg) = 2m 
k=] 


es z cos(90° — k°) 


because, as in the previous problem, the cosines from the numerator 
cancel with those from the denominator. 


E36. Prove that 











cos 61° cos 62° cos 119° 
] L= ETA (ae |e — 
( cos 1° ) ( cos 2° ) ( cos 59? ) 


1 
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Solution. The same idea as in the two preceding problems. Based on 
cos k° — cos(60° + k^) = 2 sin 30° sin(30° + k^) = sin(30° + k^), 


we get 
TIT (1 . cos(60° + 2 " IT sin(30? + k?) _ TIT sin(30? + k°) | L 


cos k? cos k? sin(90° — k°) 


as the same sines appear in the numerator and in the denominator. 


Prove that for every integer n > 1, 


2c AT - 2" m E 1 
9n — ] 9n — ] 9n .] Qn’ 











Solution. We deal with a more general identity, namely we have 


sin 2"zy 





cos z cos2z --- cos 2^ 1g = HER. 
2” sin x 


for any positive integer n and any real number z different from any sr, 
with integer s. Indeed, this is equivalent to 


2" sin z cos z cos 2g - - : cos 271g = sin2"z, 


and follows by repeatedly applying 2 sin t cos t = sin 2t (induction can be 
used, to be more rigorous). We can also provide a proof by telescoping 
the product, as we have already seen in Example 2.31. Now we choose 

















p= ed and obtain 
o9ntl; 
2T An 2n 5 on —] | 1 
CoS on 1 OP on — ] COB On —1 = om = 9n! 
2" sin 
2n — 
because 
sin ant sin oon +2 Si NL 
— Sl WV = SIn : 
2n — 1 2n — 1 2n — 1 


Although the general identity is true for n > 1, in the particular case 
gc X the case n — 1 must be handled apart, because it would lead 
to x = 27, and sin x = 0. (Of course, this is very simple.) 
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E38. Let n be a given positive integer and let 


E39. 


aj, = 2008s, ko—0.1.m-—L 


Prove that 


n—1 n— 
[0 - 4) = Ss ae 


pum ] 4- ag 





Solution. Note that ag = 0, and a, = 2cos — —2 can also be 


0n—n 
defined. Now we have, as desired, 


n—1 n—1 
1+ ak41 l-Fa, 
| | — — || xmi d reete c 
ak) ( l +ak ) ( ) 1 + ao 


k=0 k=0 
—1)-! 
C3 (-1) = 5 
Indeed, the equality 
1 + ak+1 
l — ak = — 
a 1+ ak 
is a particular case of 
1+ 2cos2z 
1 — 2 cos t = ———— —— 
1+ 2cosz 


which follows immediately from cos 2x = 2cos? x — 1. 


The sequence {Xn}n>1 is defined by 


2 
T1 = Ik] = Tk + Tk. 


2? 
F'ind the greatest integer less than 


h not es d 
zı +l z2+1 £100 +1 








1 
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Solution. The answer is 1. We have 

















1 1 1l 1 1 1 1 
———— mA -c c = — — ; 
£pl — GXA(Zk--1) £k etl ^ Xkdl £k Tey 
therefore 
Y aX) "T 
Xl Tk+1 Z1 101 1101 
All the terms of the sequence {£n }n>1 are clearly positive, hence 
100 
1 1 
p» ves Lue) 
poy Tk t £101 


follows. Also, the sequence is strictly increasing and z3 = 21/16 > 1, 
thus £2191 > 1, too. This shows that 


100 


1 1 
` =2- — > 1 
a ek tt 2101 





and completes the solution. 


Solve the problem left unsolved in the Introduction. Namely, if n is any 
given positive integer and f is defined by 


reiza- |$ 


ce | 
=n-—l, 
E 


where fll is the kth iterate of f (that is, f^! = f of o..-o f with k 
appearances of f; we also consider f to be the identity function that 
maps x to x, for every x). 


show by telescoping that 
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Solution. We saw in the Introduction that the numbers n; = f!*—"(n) 
eventually become equal to 1, hence the sum is actually finite (the cor- 
responding terms in the sum are 0). Considering x = f!*l(n) in the very 
definition of f yields 


fn) = f(r) — E e Pm = fn) - f! (n). 


Thus, if ns+1 = 1 for some s > 0, then 


| ff) | — SES | fl (m) 
Pera a 


k=0 


mM 2 
| di | 
= © 


(f) - fl) 


k=0 
= f(n) — f(n) =n — 1, 


as desired. 
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2 Solutions to Medium Problems 


M1. For each positive integer k, let f(k) = 4*+6*+9*. Prove that for all 


nonnegative integers m and n, f(2™) divides f (2*) whenever m is less 
than or equal to n. 


Solution. By repeatedly using the identity 
(a? — ab + b?) (a? + ab + b^) = a^ + a?? + ^, 


we get 
oU vary 4B" = (a Low + p") 
l (a u arr + p) (ai? i Borel md Bs pt) u 


(o = qo be 4+ p") 


whenever m < n are nonnegative integers. This shows that, if a and b 
are integers, and m < n, then 


m--1 T T m-4-1 d n+l n n n+1 
a^ Jat qb divides a^ +a? b +b? . 


In particular, for a = 2 and b = 3 this means that f(2™) divides f(2”), 
as required. 


M2. Evaluate 


1 Oe ee b^ o qo JERA 10 ee 0107. 


where each three consecutive + signs are followed by two — signs. 
Solution. We have 


(5k — 4)? + (bk — 3)? + (5k — 2)? — (bk — 1)? — (5k)? = 25k? — 80k + 28, 
thus our sum is 
402 


N (5k — 4)? + (5k — 3)? + (5k — 2)? — (5k — 1)? — (5k)?) 
k=] 
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402 402 402 402 
= V (25k? — 80k + 28) = 255k? -80X k +285 71 
k=] k=1 k=l] k=1 
402 - 403 - 80 402 - 4 
= 25. Tm = 0 + 28 - 402 = 536926141. 


M3. Prove that 


a3 l1-nq', q—4 
1 + 2q +30 nq = , 
reg (Lg) 








for every q £ 1. 


Solution 1. Brute force is our first approach: we multiply the given 
sum by (1 — q)? and just calculate. Thus 


(1— q)*(1 + 29 - 3d? +---+nq"") 
= (1— q)(1-- 29  3q^ E nq"! — q — 24^ — 8g? — «+» — ng”) 
- (1— q)(14- q d^ q"7 — nq") 
= (1- g)(1- ng?) + (1— a)(a - d^ a7) 


= (1— q)(1— nq") + (q — q^). 


Now divide in this equality by (1 — q)? in order to obtain the desired 
result. Of course, here and elsewhere, the identity 


(1-a) (+g +g Fox 1)-1-e 


is taken for granted. 


Solution 2. Knowing Abel’s summation leads to this second approach. 
We use the identity 


N kay = 3 (ak +++: + an). 
k=1 


k=1 
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for a, = q*-! and obtain 
t : n i q” k+1 
DRA a = qu 
k=1 k=1 k=1 q 
EM : pq mg” l-g E nq” 
= — — =- = 
a rer lg Xbegy? de 
l-n  q-q" 





On the other hand, if we use 
n n 
y kar = n(aı +*+ an) - X (ai +--+ aca) 
k=1 


(that is, the same identity as above, but rearranged), we get 








ne 1 — g*-! Deo "n ]—-gk 
Yao lf y irf awe y iE 
SL wc jug i cy 
n—nq" n—-1 q+ +- +g! 
= ——————— — a E 
1—4q 1—9 1—39 


TL 


] — nq” — 
q + q—q 7 
L=q "(leg 
Basically, we made the same calculations in each of these approaches — 
they differ only formally. 





Solution 3. For the reader with some basic knowledge in calculus, the 
following solution is available, too. We can consider the functions f and 
g defined, for x # 1, by 


T n-4l 
fí(z)-1-cz----z" and g(xz)-— — 


We established that f(x) = g(x) for all real numbers x # 1 (actually, 
even in the case x = 1 the equality remains true if we consider instead 
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of g(1) the limit of g for x tending to 1). Since f and g are equal, 
and both functions are differentiable, their derivatives must be equal: 
f'(x) = g'(x), that is 


—(n--i)"(1—2)4-1-—2^" 
||  Qq-233 — 
| l-nz" z-z^ 

1-z (1-2) 


1-2z cna" 


for every x 1. We used x instead of q in this solution, since it is a more 
common notation for a variable. 


Finally we invite the reader to take a fourth (obvious) way for solving 
this exercise, namely to use induction. 


Evaluate 7 
Ire 
ck + ke +1 
Solution. The identity 
(a^ — a -- 1)(a^ -- a 4- 1) 2 a* - a? 4-1 


comes to our mind (and becomes handy) again. We have 
QM NE S EE RETE M 
L kt+k?+1 —— RIO k?+k+1 
-32 1 
2 ~ k2—k+1 in — (k4-1? — (k-1) 1 
1 
2 


(a ale Er 
(n--1?—(n-1)-1/ 2(n?-n4a1) 


Evaluate the sum 


1 z 22 9n 


341 3-41 3441 32" LI 
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Solution. As simple as it may seem, it is important to notice that 


ok+1 


(22 GF ria 4, 
Consequently 
OF — ROT e. 95075352). OG ed oe! 
qq 7 aeu gee c c7 ug 
2k(32* +1) ok+1 9k ok+1 


) 


“ey eu c] Be Ls Bee 
hence, by telescoping, 
n gk 90 9n-cl 1 9ncl 
2osRii 88-1 SPU-1 2 aa 


M6. Let f, 227 +1, n= 1,2,3,... Prove that 





Lobos tul 
h fe fa 3 
for all positive integers n. 
Solution. We have 
gk-1 gk-1 9k 


ae al Pa 
(proceed similarly as in the previous exercise), therefore 


-TP - = 2 M: 2d 1 
DET TŽ Dei pc e S 


M7. Let an = 3n + Vn? — 1 and bn = 2(Vn? -n+ Vn? - n), n » 1. 


Prove that 


ay — bı + Vaz — bo + +++ + vV'asg — bag = A + BV2, 
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for some integers A and B. 


Solution. Here the formula 
a? + b + c? — 2ab — 2ac + 2bc = (a — b — c)? 


comes to help us (of course, if we manage to recognize what a, b, and c 
are). We have 


c deg o I en Fk 
= 5 (6k 2/18 — cde pL d k? +k) 
= 5 (2vk- Vk — my 


ee 


thus 


2 EC VE- VE-T- VET) 


sl- 


= (1 + v49 — v50) = -5 + 4v2, 


sl- 


finishing the proof. 
Observe that, when we calculated aj — bk, we also used the fact that 


2Vk — Vk —1-— Vk4- 127 0. 
One can prove this, for example, by squaring the equivalent form 


2v k > Vk —1-- vVk-4 1, 


or in many other ways (Jensen's inequality is another possible approach, 
etc.). 


MS. Let m <n be positive integers. Prove the double inequality 


1 1 1 
Vnti- Pd p +— 
2 ( Vines m x n—1 yn 


« 2(v/n — vm — 1). 
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Solution. We have 


1 
Vk+1—Vk < —= « Vk-Vk-1, 


2k 
for k > 1. Indeed 
1 1 
nies ee 
Vk+1+vk 20k 
€ 2Vk « Vkt+1t+vke vk < vk- 1, 


and the second inequality can be proved analogously. Alternately, we can 
use Lagrange's mean value theorem for the function f : [k, k + 1] > R, 
f(x) = yz. The derivative of f is 


1 
oe 

thus we get ; 

k+1-— vk === 

Vk-41- vk NT: 

for some c € (k, k +1). Since c > k we obtain 
1 1 
Vk +1- vk = — < —. 
2/c AWk 


Now all we have to do is to add the inequalities 
1 
2 (Vk 1- vk) < g <2(VE-Vve=1), 


with k running from m to n, in order to obtain the required inequalities. 
For example, when m = 1, we get 
1 1 


j E MN 
M ME 


Ta » 2(vn41-1), 


Or 


n= oe BV > 2 (VnF Sf =i] SD, 
k=1 
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for all n > 1, showing that the sequence (£n)n>1 (for £n defined above) 
is bounded from below. Since 


1 
ee e mene 
BB" cm Vn 4- 1 Tcov) 


for all n > 1, we see that (£n)n>1 is strictly decreasing. Being decreasing 
and bounded from below, (%n)n>1 is convergent, and has a limit between 
—2 and zı = —1. We invite you to prove similarly that (yn)n>1, with 


TL 
1 35 
Un — 2 JE = 2 n 
is also convergent, and to find bounds for its (finite) limit. 


Let 





1 


1 9 
2 4 = 
n? + Al n^ + 7 
Prove that 4/a1 + yaz -- -*- + Vaig ts an integer. 
Solution. We have 


/ 1 
k? — E 1 
— MÀ — = 24 Ak* — 2J/2k* 4-1 


âk = 2 — 1 


An = 2 — Mc reset 


4 
= (2k? + 2k + 1) + (2k? — 2k + 1) - 24/ (2k? + 2k + 1) (2k? — 2k + 1) 


= (Va? 3k 1- V2? -2k +1) 


(remember the formula for de-nesting nested radicals!). Therefore 


119 119 
vay ( va? + 2k +1—/2k2 — 2k + 1) 
= As 
=y (v20 +1)? —2(k+1) + 1 -— V2k? — 2k + 1) 
k=1 


= 42.1202 —2-1204- 1 — 1 = 168, 
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because 


2. 120? —2-120+1=2-119-120+1=—168-170+1 
= (169 — 1)(169 + 1) + 1 = 169°. 


M10. Prove that there is no positive integer n for which 
n 
[kt +k +1) 
k=1 


is a perfect square. 


Solution. Again, 
k^ +k? +1 = (k? +k+1)(k?—k+1) = ((k+1)?—(k+1)+1)(k?—k+1), 


hence 
= T] (et +k +1) = TT(G 22 — (4-2 - D — k 4-1 
k=1 k=1 


T 2 
= (n? +n 4- 1) (TI? een] 
k=2 


If we assume that, for some positive integer n the product P, is a square, 
say P, = m7, with m a positive integer, then 


n^--n41l1- = 


[[-k+1) 


k=2 


is the square of a rational number. However, n? + n + 1 is a positive 
integer, so that, if it is the square of a rational number, then it actually 
must be the square of an integer. But this is not possible, since the 
inequalities 

n?<n?+n+1<(n4+1) 
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show that n^ +n + 1 is strictly between two consecutive squares. 
The contradiction thus obtained finishes our proof. 


Let F,, be the nth Fibonacci number. Prove that 
n 
IG» + Fk 44) = Pn. 
k=0 


Solution. We use a well-known Fibonacci numbers identity: 


2 2 
Fom = Fray — I'ay—-1l m 2 1. 








We have 
Fe, —F? Fy 
Poth a ee uade Comis. et oe a 
Ter m Pm41 = Fm-1 Fm 

hence 

n 

P5. Dk Forti M = 
Hee + Foe41) = -JI For -1% Fo; = Font+. 


For a proof of the identity that we used, remember the formula 








1 1 1] — 
BE Vg — B"), with o = a and B = e 
We also have af = —1, hence 
1 
F2 Pa O a a a 
l( 2 2 d 2 2 1 V5 , 9 2 
= 5 (2° (0? aa) +6 (P - ze) = X em 6m) = Bin 


(observe that a? — 1/o? = v5, and 6? — 1/6? = —4/5). 
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M12. Let x be a real number in the interval (—1,1). Evaluate 
oo 
[a eu + g2), 
k=0 
Solution. Our old friend, the identity 
(1—-a+a°)(1+a+a’)=1+a? a 


comes to visit us again. We have 


IT M-as” 4 at) = IT Lp Pe gh gO 

i E pe ee 7v. — MU dora. 
Tr E Loe ae l+z2+2 
therefore 


n 


CO 
[[a -g + x2) = lim | [(1— z^ 4 ao") 
k=0 


n— 00 
k=0 
1 + pert? ES parte 
= lim ———————— 
n— o0 1 +r +r? 
BH 1 
l+x2+ 22’ 
because, for z € (—1,1), we have lim x” = 0. 
T,— Oo 
M13. Let F,, be the nt Fibonacci number. Evaluate 
DE 
Tea 
Solution. Because Fk = Fk+1 — Fk-1, we have 
1 AN 2 V 1 1 


FyaF&aa o F&aFkFkau o FeaFk  FkFkpi’ 


242 Chapter 9. Solutions 


and 








= 1 
Lud 1Fk+1 ix | PX -EZ 


=? 
= lim s : l 
7 n-roo tN Fk- FyiFe  FeFe41 
i 1 1 
= lim | —— - ——— ] = —— = 
n=>œ \ Fifa?  FpFn4i Fi Fo 
For the Lucas numbers Ln, defined by 
Lo = 2, L4 = 1, and Ln = Ln-1 + Ln-2 


for n > 2 compute in the same way 
Les 
s Lkibkai 
M14. Letn be a nonnegative integer. Prove that 
n 2 
n 2n — 1 
k = 
EA) o) 
k=1 


Solution. Remember that 


for n > k > 1, so that 


s(t) "22 (9 (a1) 


k=1 
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M15. 


The last step follows from the fact that 


x (9) 

=R k) Nk—1 
represents the coefficient of z^-! in the development of the product 
(1-- z)^(1-4- z)"-1. However, this product equals (1 + z)^"-1, therefore 


the coefficient of z"-! in its development actually is eee? and the 
equality is thus proved. 


This equality, by the way, is nothing but a special case of Vandermonde’s 
identity: for nonnegative integers a, b, and c, we have 


Ez(0-C7 


the sum being over all nonnegative integer values of 7 and k that sum 
to c. (Remember that a binomial coefficient (7) is 0 if p < q.) Prove this 
identity and generalize it to 


> (a (Ge = (Mr) 
jite-+js=ce J1 Js C 
for nonnegative integers a1,...,@s, and c. 


Let n be an odd integer greater than or equal to 5. Prove that 


Q)-«rQ emm 


is not a prime number. 


Solution. First of all we note another form of the given expression. 
Namely, we have 


(-4) = (1-5) =1- (1) aa a E E (") 
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according to the binomial formula, whence 


v= (2) -8(2) e$) emm (2 


(-4^—-1 4^41 
-5 5 


follows. For the last equality we used the fact that n is odd. Now we 
have 


441241 = (2-278 4.1) (27 42°F 41] 
where both parentheses are (positive) integers for n > 5 odd. Because 
pai (28-27 +1) (274278 +1) 


is a natural number, one of the factors from the numerator is surely 
divisible by 5. So we have either 


N 


n _ 92H 5 
N= E870 (m eo +1) 
Or oan 
E n+1 
N= EEEL (mat +1). 


In whichever case gives integer factors, this is an expression of N as a 
product of two integers greater than 1, showing that N is not a prime. 
We only need to prove that the factors are greater than 1. Indeed, for 
the smallest of them we have 


n+1 n+1 n-—1 


223 411 22(2*7 -1)41 20-10-41 
5 i 5 — 5 


because n > 5. And the proof is now complete. 


=d>1 


M16. Prove that for any positive integer n the number 


2n 4-1 2n 4-1 2n 4-1 
an = [^ ^ gie 4 (TP ^ )o2-2.3 1. 4L (H7 7 agn 
0 2 2n 
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is the sum of two consecutive perfect squares. 


Solution. By using the binomial theorem we see that 
p : (G 4 V3)? 4 (2 — va) 
Attempting to express an as a sum of two consecutive squares, say 
Qn = 27 +(x 4- 1y*, 


we find (by solving for x) that 
a= —1+//2a, — 1 
D CEDE 
thus we expect 2an — 1 to be a square. And this is, indeed, the case: 
1 | 2n+1 2n—1 
S ((2 + v3) + (2 — v3) )-1 
1 
= 5 (a v3}? (2+ V3)" + (1 — v3} - vay —4) 
1 2 
= (5 (a + V3)(2 + V3)" + (1 — V3) (2 — v3") ) | 


20, = LS 


2 
So, we have an = z? + (x + 1)? for 


—1+ : (a t V3)(2+ V3)" + (1 — V3)(2 — v3)") 


L = 7 


(the other solution gives, basically the same expression of an as the sum 
of two consecutive squares). All that remains to prove is that 


Diss : (a + /3)(2+ V3)" + (1 — V3)(2 — v3)") 


is always an odd integer (making x an integer). This is not hard to do: 
we have bg = 1, bı = 5, and b, — 4b,_1 + bn_2 = O for every n > 2. The 
recurrence relation inductively shows that the numbers bn are integers, 
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and also that b, has the same parity as 06, 5», hence any bn is odd, 
precisely as bp and bı are. 


We obtained the recurrence relation by using the theory of second order 
linear and homogeneous recurrences. Namely if a # p and c,d are any 
numbers, then the sequence with general term £n = ca” + d" satisfies 
the recurrence relation pr, + qz4—1 + TXn—2 = 0, where p,q, and r are 
such that the equation pz? + qz + r = 0 has precisely the roots a and 
B. This is actually also true for a = 8, but the converse (that is, the 
fact that any sequence (£n) that satisfies the recurrence has general term 
Ln = ca” + dB" for some constants c and d) needs the condition a Æ f. 
Try to prove these facts, then apply them to the sequence (b,) (with 
o; = 2 + V3 and B = 2 — V3). 


a 
Let n be a positive integer and a be a real number, such that — is an 
T 
irrational number. Evaluate 


1 1 1 
cosa —cos3a ` cosa —cos5a ^ cosa — cos(2n + 1)a’ 


Solution. If we use a sum-to-product formula we see that the sum to 
evaluate actually is 


1 1 1 


and it seems not so easy to find a telescope for it. So, we try some small 
values for n and, after a few trigonometric manipulations, we obtain 


sina + sin 3a 
92 


2 sin a sin 2a sin 3a 


and 
| Sina sin 3a + sin 5a 


93 = 


2 sin a sin 3a sin 4a 

suggesting the formula 
S — sin a +sin3a+---+sin(2n — 1)a 
Em cL 


2sina sin na sin(n + 1)a 
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for n > 1. (Notice that the same formula works for n = 1, too.) Now, it 
is natural to try induction. The inductive step would require us to prove 
the equality 


n+1 
sin(n+2)a «(x sin(2k — 1) a) tn ast nas na 3 sin(2j — 1)a 
j=l 


We invite the reader to do this checking! You will probably discover that 
you need a closed form formula for the sum from the numerator in the 
expression found for S, — and we need it anyway, otherwise we cannot 
say that we solved the problem. For the sum from the numerator, 


Tn = sina + sin3a+---+sin(2n — 1)a, 


we proceed as we already did several times in such exercises, namely we 
multiply by 2 sina: 


2T, sina = 2sin? a + 2sinasin3a + --- + 2sinasin(2n — 1)a 
= ] — cos 2a + cos2a — cos 4a + --- + cos(2n — 2)a — cos 2na 


= | — cos2na = 2sin? 2na, 


so that 


sin? na 


n ~ 





sina ` 
(Or just use the identity from the end of the solution of Example 2. 25, 
if you proved it.) Thus the closed form that we are looking for would be 


sin na 
2 sin? asin(n + 1)a- 


And now we can solve the problem, inductively or by telescoping; we 
choose telescoping. Based on all the above observations we calculate 


sin ka sin(k — 1)a sin? ka — sin(k — 1)asin(k + 1)a 
2sin2asin(k4-1)a  2sin?asinka © 2 sin? a sin ka sin(k + 1)a 
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_ sin? ka — (sin? ka — sin? a) _ 1 
. Qsin?asinkasin(k+1)a ^ 2sinkasin(k + 1)a 


(we used the formula sin(x — y) sin(x + y) = sin? x — sin? y). 
Thus we have 


" TL 
1 1 
Sn =) ———_, —- =) = 
£ < cosa — cos(2k + 1)a 2. a 


sin ka sin(k — 1)a 
=> (z asin(k + 1)a usen.) 
B sin na 
— 2sin?asin(n + 1)a' 


and the claimed formula is proved. 


Prove that 


1 1 1 1 
sin 45°sin46° ' sin47°sin4d8° ' ^" sinlg3^sinld4? ^ sinl* 


Solution. We write the equality in the equivalent form 


sin 1? " sin 1° PES sin 1° ai 
sin 45° sin 46° sin 47° sin 48? sin 133° sin 134°  '' 
and use the identity 
ae) = cot a — cot b. 
sin a sin b 
Accordingly, we have 
sin 1° sin 1? 
— zs. = cot 45° — cot 46°, | —— ——— — —. = cot 47° — cot 48° 
apenas ee cR Ue EIE 
and so on, until 
sin 1? 


LL. vex. eser 1999 eon T9349: 
‘aie E - C0b 09 
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Now add side by side all these equalities and use 
cot(180° — x) + cot x = 0 


repeatedly. ‘Thus we have 


cot 47° + cot 133° = cot 49° + cot 131? = --- = cot 89° + cot 91° = 0 
and 
cot 46° + cot 134° = cot 48° + cot 132° = --- = cot 88° + cot 92° = Q. 


Also, cot 90° = 0. Therefore we get 
sin 1° p sin 1° ee: sin 1° 
sin 45° sin 46° sin 47° sin 48° sin 133° sin 134° 
= cot 45° + cot 47° + --- + cot 133° — (cot 46° + cot 48° + --- + cot 134°) 
= ¢ot 45° = 1. 


and we are done. 

E S 
Prove that for every positive integer n and for every real number x # or 
(t = 0,1,2,...,mn,s an integer), 


ex d 
` EES TA = cot x — cot 2g. 
sin 2x 
k=1 
Solution. We have 
n TL 


1 
y NELLE ` (cot gk-la — cot 2ta) = cot x — cot 2" z, 


sin 2kg 
k=1 k=1 


by using the formula 


—— = cott — cot 2t. 
sin 2t 
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Indeed, 
1 2cos?t — (cos? t — sin? t) 2cos*t  cos2t 
r SS Se a = cot t — cot 2t. 
sin 2t sin 2t sin 2t sin 2t 


As a final remark, note that if one relies on the similar formula 
tant — cott — 2cot 2t 


then one can derive the identity 


n 
2 9k-ltan2k-lt = cot t — 2” cot 2^1. 
k—1 


We invite the reader to prove these results. 


Show that 


sing | sin2x sinnz : cos(n + 1)x 
ec — CO L < — —À 
cosr Cos? r cos” x sin z cos" x’ 











for all x x $5; where s is an integer. 


Solution. As in the previous problem, we can guess the telescoping 
formula from the final result (because it is given). Namely we have 


sin kx cos kx cos(k + 1)z 


costz  sinxcos*-!z  sinzcos*z' 
and, consequently, 


» sin kx » ( cos kx cos(k + = | . cosz cos(n + 1)z 


: cos* x = sinxcos*-!z¢  sinxcos* x sing sinxcos” r` 





Prove the formula that we used! 


(Its proof is just based on cos(a + b) = cosa cos b — sin a sin b, for a = kx 
and b = x). Of course, an inductive demonstration is available, too — 
but it is mainly the same as the telescoping one. 
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COS + cos + + cos as = l 
2n 4-1 2n 4-1 2n-1 2° 
Solution 1. The numbers 
2k Qkr 
= — —— + isin ——, k=0,1.,...,2 
Zk Sos a TTS 0,1,...,2n 


are the (2n + 1)th roots of unity, that is, they are the solutions of the 
equation 22"+! = 1. 


By Vieta's formulae, we have their sum zo + 21 +---+ Zon = 0, meaning 
that 
bep 


(because z = 1). Also, it is not hard to notice that 


z = ZU E 1 — l 
n+tk ~*~ = QRMA- DNE 
i x 


for k — 1,2,...,n. (We used de Moivre's formula and the fact that 
pep = 1.) Thus, 2541, ..., Zan are the inverses of z5,...,21 respectively, 
and we can rewrite the above equality as 





1 1 
zi +e z4-—-04e6-—-—-—1, 
n Zi 
or 
1 2: 1 -——! 1 P 1 1 
e pA = "nm = Z — = —-, 
2 : Z1 2 : Z1 2 
Since 
Zk + m 2 cos Zu 
ST a 2n 4-1 
for k — 1,...,n, we see that the previous equality is precisely the desired 


result. 
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Solution 2. (As the careful reader may have already observed), we can 
return to the identity 





_ (2n - 1)x 
1 sin 9 — 
— + cos x + cos 2g + -+ cos mz = 77 
2 2sin = 
2 
27 ; ; 
and replace here z — ie We get 0 on the right-hand side, therefore 


the problem is solved. 


M22. Let C 41 be a complex number with C? = 1. Evaluate 


22 1 
b e es 
uu E +¢ 
Solution. Let 
—1-c i3 E NE 
EE Me LE 


be the two roots of unity of order 3 which are different from 1. We have 
1+z+2° = (a — z)(8 — z) 


for every complex number z, hence 


22 22 
yore Deas 
k 72k ~ — ¢k\(B ck 
Lut EOE OR 2a (a-CYB- C) 
Ld E 1 1 
B-a aE B=) 
On the other hand, for any complex polynomial P having the roots 
Z1, ---, Zn (not necessarily distinct), we have 
Piz) 1 1 











Plz) 2-2. 2 — 2p’ 
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for every complex number z not equal to any of 21,...,2Z,. In our case, 
for the polynomial P = z?? — 1 the roots are C*, with k = 0,1,...,22. 
(Because 23 is a prime, any 23th root of unity different from 1 is a 
primitive root, that is, its integer powers generate all the 23th roots of 
unity.) Thus the above equality reads (for P(z) = 2^? — 1) 


22 
1 P'(z) 92 k 
i89. 3A p a 
k=0 
and yields 





22 1 1 22 1 1 
Iun ESSE 


k=0 k=0 
|] 2307 2387 
»B-oNo3—-1. g28—1/. 
Because o? = f? = 1, a + 8 = —1, and off = 1, we can calculate 
222 gn T 8 


a —1 gB-1 &2-1 8-1 
(8 -a)laß +1) 
(ap)? — (a + B)? +206 +1 


= $(6— 2), 
and thus the final result that we are looking for is 
c DRE y 
Prove that 


n—l 





ESPERE |= inl, 


n 


for all x € R and any positive integer n. 
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We give two approaches for proving this beautiful identity of Hermite. 
They both need the property |t+p| = |t] +p for t € R and p € Z, and, 
of course, the definition of the integer part: for any real number t, the 
integer part of t, denoted |t| is the greatest integer not greater than the 
number; so, we have |t| € Z, and |t| € t « |t| +1. 


Solution 1. We will also use in this first solution the fact that a « b 
implies |a| < |b]. Thus, because 


1 n— 1 
rzrct—xoexrzt——zr-cl, 
n n 
we have 
1 — 1 
al< [sez sese sagen 


too. Since every number |z--i/n| (0 € i X n— 1) is an integer the above 





inequalities show that there must exist a number j € (0,1,...,n — 1) 
such that 
1 Jj 
n n 
and , 
+ n 
|z 81- =|2+ | Ix] 1 


implying that 


[z| + EH + a+ =| brni += 
= (j+ 1)|z| -(n— j - 1 (Ix| - 1) 2 n|z] - n — j — 1. 


On the other hand, the above expressions of the integral parts are like 
that if and only if 





1 
pee tc |el+isae+ 1, 


which means that 


n|z|-n—j—-1xnzc«nl|z|-n- j. 
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But these inequalities show that 
Inz| 2n|xz| 4-n—3j-—1, 


therefore we obtained the same value for both sides of the identity, fin- 
ishing the proof. 
Solution 2. Let us consider the function 


TL — 





Once a+ =| į a+ =| Pesce z - eda. 


Clearly, Hermite's identity is equivalent to f(x) = 0 for all real numbers 
x. We observe that 


f(s* 2) = xz aE EH Epp. 2+" | 
t[z-41|-|[nz-41|-2 f(x) 


because 
|z+1|=|z|+1 and [nx+1] = [nz] 4 1. 


That is, f is periodic with 1/n as a period. Thus it suffices to prove 
f(x) = 0 (and the identity) for x € [0,1/n). But for such zx all the integral 
parts involved in the definition of f are 0 (all z +i/n for 1 «à X n— 1 
and also nz are between 0 and 1) hence f(x) = 0 obviously follows — 
and it follows for all x € R, finishing the proof. 


Prove that for every positive integer n 


n 4- 29 n 4- 21 n 4- 2? 
e| EE REL 


Solution. The sum is not an infinite sum, because, at some moment 
the integral parts become 0; more precisely, we have 


n 4- 2* 


cu <len<?2 
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hence the terms are 0 for k > log; n. We use Hermite's identity in the 
form 


2+5] = [22] — [z]. 


Accordingly, 
Soll- Sla- n 
k>0 k>0 k>0 


(Hermite’s identity allows telescoping for this sum). 


Evaluate 





|: + | 
0<i<j<n Fi 
where x is a real number. 

Solution. We have 


RE A one 


O0<i<j<n | J j=1 i=0 





where, for each inner sum we used Hermite’s identity. 

Let x, y, and z be integers such that xy + zz + yz = 0. Prove that 
(x+yt+2z)* divides x? + y? + 2°. 

Solution. We have the identity 


(at+y+z)—(2°+y?+2°) = 5(a+y)(@+2z)(yt2)(2*+y?+2*+a2y+a02+y2) 


proved in problem E28 in the previous section. By xy 4- zz 4- yz = 0 we 
get 
(x * y)(x + z)(y + 2z) = -zyz 


and 
ety z^ +y + rz +yz = (r+y+z), 
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therefore the identity becomes 
(x+y +z)’ — (£5 +45 + 2°) = —5xyz(z + y + 2). 
Consequently 
x? + y5 +25 = (z +y + z)’ + 5ryz(z +y +z)? 


is divisible by (x + y + z)*, as required. 
Note that such (nontrivial) integers do exist. For instance, we can con- 
sider z = 12, y = 4, and z = —3 for which xy + zz + yz = 0 and 

zx? + y? + z5 = 249613 = 13? - 1477 


is divisible by 13? = (x + y +z)”. 


Actually there are infinitely many triples of integers with the given prop- 
erty. For example, take x = a(a + b), y = b(a + b) and z = —ab (with 
integer a and b), and we have the desired equation ry + zz + yz = 0 
fulfilled. With some little effort you can find all such triples of integers. 


Let p be an odd prime. Prove that 


—1 


"3 


k?"—k p+l 


p 2 





(mod p). 
k=1 


Solution. Note that, by Fermat’s little theorem, each (kP — k)/p is a 
natural number. We have, by the binomial formula, 


el 
(k — p)? = kP — pk?-1p + Pp Dg 2 ..mÉk (mod p^) 


(all missing terms are clearly divisible by p^), hence 


kP + (p—k)? 20 (mod p?) 
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for every k € (0,1,...,p — 1) (and for every other integer k, but we are 
only interested in these values). Thus 


Sv i Eee) i Geren) 


1 Far + @- k)?)=0 (mod p?) 
k=1 


ae 


on 


(for odd p dividing by 2 doesn’t influence the congruence). 


Consequently, 


p-1 


= C p(p — 1) 2 
2 dnas ^ da! ion ;— (mod p’), 


therefore 





= zd 
sia ga 2 (mod p) 
1 


k= 


and the conclusion follows because, evidently, 


p-1 p+1 
a ee (mod p). 


2 
Prove that for each positive integer n > 2 the following inequality holds 
c(n)é(n) < n*, 


where $(n) is the number of integers that are less than n and are rela- 
tively prime with n, and o(n) is the sum of the positive divisors of n. 


Solution. The arithmetic functions o and $ are multiplicative, that is 


a(zy)=o(z)o(y) and ¢(xry) = o(z)d(y) 


for any relatively prime positive integers x and y. 
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Therefore, if n = p{'---p% is the factorization of n (with primes 


D1,...,ps and positive integers a1,...,0s), we have 
c (n)é(n) = e(pi*)ó(p1) -alps olos) < (ptt)? (oz), = m, 


provided we proved the inequality for n of the form p^, with prime p and 
a à positive integer. This is not hard, namely we have 


o(p*)o(p*) = (1-- p p^ - + p?)p^ (p — 1) 
= (ptt? = 1)p*"+ < py = (p°)? 
and thus our proof is complete. 


Let m and n be positive integers with m even and at least equal to 4. 
Prove that 


(—4) k pá(m—k) 


Ms 


k=0 
is not a prime number. 
Solution. We have 
m 
Y (-4)'nf(m-9 = ads d e 
mm n4 4-4 


by using the formula 
qgmtl = poi 


kpm—k . 
> ab E a—b (a # b) 
k=0 


and the fact that m is even. Now, another formula, namely 
at + 4b* = (a? — 2ab + 2b°) (a? + 2ab + 2b?) 
shows that the numerator of the final expression of our sum factors as 


pm) 4 4m1l — (ner ES AQ 12 Ne 


= (n2m+2 — 9m/24 1, m1 Js Dent yam + gm/2+1,m+1 + omen 
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If we prove that both these factors are greater than the denominator, we 
are done (since if pq/r is an integer for positive integers p, q, and r, and 
p»r,q-r,then after cancellations pq/r surely remains a product of 
two integers greater than 1). Of course, it suffices to show that 


pnm? = gm/2+1,m+1 + gmtl > n* + 4. 


This follows, for n > 2, by adding 


n2m*? _ gm/2+1,m+1 = plum piers) > pm > n^ 


with 2™+1 > 4, while for n = 1 it reduces to 2™ — 2™/2 > 2, hence to 
mis s 


Note that for m = 2 the above inequality becomes 
n? — nf — An? +4 > 0 & (n — 1) (n? -- n* — 4n? -4n 4) > 0 


and it still holds for n > 1. So, the given sum is not a prime for m > 2 
even and any positive integer n with the only exception of m = 2 and 
n = 1 when the sum equals 13. 


Let p be a prime such that p = 1 (mod 3) and let q = |2p/3]. If 
ch. 1 1 m 


ro on. TOT 


for some integers m and n, prove that p | m. 


Solution. Suppose p = 3s 4 1, with s a positive integer. Then 
q = |2p/3| = |2s + 2/3] = 2s, 
and the sum from the statement of the problem actually is 


E ee eer a oe Se ee 
1-2 3-4 (2s — 1)2s 2 3 4 2s—1 2s 
NE 1 1 
mal en 0 we 
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So, we have to prove that if we write the sum Y — as an ordinary 


k=s+1 


fraction, then the numerator of this fraction is divisible by p. But we 
have 
2s 2s 2s 
1 (Xi , i wee 
X e-3(S E+ DG)-H( DED 
k=s+1 k 2 k=s+1 k k=s+1 k p= zu pen 3s + — 
28 2s 
1 1 1 3s+1 
2 k 3s4+1- , K( 38 -1— k(3s +1—k) 
k=s+1 


= Y __* _ 
2 a, k(3s + 1 — k) 


Thus we have written the sum as another sum in which the numerator 
of each term is p, and the factors from the denominators are strictly less 
than p (including the factor 2). This means that none of these fractions 
can be simplified by p, therefore the factor p remains after addition 
is performed, and cannot be simplified, hence the final numerator is 
divisible by p, as we intended to prove. 


For example, when p — 13 we have q — 8 (s — 4), and the sum from the 

statement of the problem is 
A do da ee oe oe 
1.2 3.4 5.6 7.8 

NE. 

5 


id 
3 

2 
T 


1 
4 
1 
8 
3 


1/13 | 1 13 13 
= (starta tex). 


1 | ud 
2 5 6 
1 
6 
1 


558 6:7 (7.6 8-5 


For the sake of completeness we prove the middle equality (but we proved 


it before in Example 4.6 — and we suppose that the careful reader already 
did it again), that is, in the general case, 


i 11 l, Q1 1 1 lo, d 
2 3 4 2s-—]. Os gI 642 28° 
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Indeed we have 











1 T: : : S epica iier + : pc 
2 3 A 2s—1 2s 2 3 4 2s—1 2s 
2 jt gts iet Eu + : : 

2 4 28] 2 3 4 29s—1 2s 
ppc "m — ; : TS 
2 S s+1 s+2 2s 


M31. Prove that for different choices of the signs + and — the expression 
X1-42-...- (4n 1) 


yields all odd positive integers less than or equal to (2n + 1)(4n + 1). 


Solution. This is clearly true for n — 0, so we will assume it true for 
n — 1 and prove that it also holds for n. Thus, the induction hypothesis 
says that the sums 

+14+2+---+(4n- 3) 


produce (for various choices of the + signs) all the odd positive integers 
at most equal to (2n — 1)(4n — 3). Therefore, these numbers can be also 
achieved as sums of the form 


+142+---+(4n—3) + (4n — 2) — (4n — 1) — 4n + (4n + 1) 


as required. 
In what concerns the other odd positive integer until (2n + 1)(4n + 1), 
we first note that 


14-24 ----F (4n 4 1) = (2n + 1)(4n 4 1). 


We can subtract 27 (with 1 < j < 4n 4- 1) from this sum and get a 
representation of (2n + 1)(4n + 1) — 2j, namely 


(2n--1)(4n--1)—2; 21-24. —-(j—1)—-j3- (3-1) 0 (4n 4 1). 
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We have thus represented all the odd numbers (in decreasing order) from 
(2n + 1)(4n + 1) until 


(2n + 1)(4n + 1) — 2(4n + 1) = (2n — 1)(4n +1). 
Now, by the same idea, we subtract from 
14+2+---+4n-—- (4n + 1) = (2n — 1)(4n +1) 


all the numbers 2k with 1 € k < 4n, and get representations for all the 
odd numbers 


(2n — 1)(4n + 1) — 2k, k =1,2,...,4n. 
Thus we have representations for all the odd positive integers from 
(2n--1)(4n--1) until (2n — 1)(4n + 1) — 8n = 8n? — 10n — 1. 


On the other hand, as we have seen in the beginning, all odd positive 
integers from 1 to (2n — 1)(4n — 3) = 8n? — 10n +3 also do have repre- 
sentations. As 8n? — 10n 4- 3 » 8n? — 10n — 1 the problem is solved. 


Let n be a positive integer. Prove that all binomial coefficients o) with 
0 «€ k <n are odd if and only ifn = 2™ —1 for some nonnegative integer 
m. 

Solution 1. By Lucas's theorem, a binomial coefficient b) is divisible 
by a prime p if and only if there exists 0 € i € s such that n; < ki, 
where n = no + nip ---- 4- nyp? and k = ko + kip +: + ksp? are the 
base p representations of n and k, respectively. It follows that precisely 


(no +1)(ny +1)--- (ns +1) 


of these coefficients (namely those for which k; < n; for every 0 < i < s) 
are not divisible by p (and, consequently. 


n + 1— (no+ 1)(ni +1)--- (n5 +1) 


are divisible by p). 
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Thus the given condition that all binomial coefficients (7) are odd can 


be restated as saying that 
(no + 1)(ni +:1)--- (ng +1) 2 n 4 1, 


where n = no --n12 4 --- 4- n32? is the representation of n in base 2, with 
ni € (0,1) for all 0 < 4 € s. This is clearly true if 


n-2"7—12142-...27-l 


has all its base 2 digits equal to 1. 


Conversely, assume that the equality 
(ng + 1)(ni +1): (n; +1) 2 n 1, 


holds for n = no + n12 + --- 4- 7,525. Since each n; is either 0 or 1, this 
clearly gives n + 1 = 2™ with m being the number of those n; that are 
equal to 1; that is, we get n = 2” — 1, as desired. 

Note that, if ns 4 0 we have 2? < n < 28+, or 28-1 < 21 —1 < 2$*1—], 
hence we must actually have m = s + 1. 


For primes p other than 2, a similar argument works. If 2 € a < p, then 
n= ap™ —1—(p—1)-(p—1)p-- t (p— Dp" + (a — 1p”, 
the equality 
(no + 1)(n1 4-1) -- (nm-1 1)(ng +1) 2n 1 


holds. Conversely, these are the only cases where equality holds. 


Solution 2. Actually, a shorter solution can be given. It is clear, by 
Lucas's theorem, that for n = 2™ — 1 all binomial coefficients are odd. 
On the other hand, if n is not of this form, than its base 2 representation 
n = no + 12 t: 4-5,2? must contain a zero digit n; with 0 < 2? < s. 
Again by Lucas's theorem, we see that the binomial coefficient o] is 
even. Nevertheless, the first solution provides more information about 
the binomial coefficients modulo 2 (or modulo a prime p, in general). 
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= (n+1)(n+2)--+ (n + 2010) 
7 2010! 


Prove that there are infinitely many n such that a4, is an integer with no 
prime factors less than 2010. 


Solution 1. Note that a, is an integer because it is a binomial coeffi- 


cient: 
| (nt 2010 
m= | 2010 J. 


The numbers nm = (2010!)?m, with positive integer m will do the job. 
Indeed, we have 


(Nm + 1) (nq, + 2) +++ (nm + 2010) = 2010! (mod (2010!)?) 
yielding that 


(nm + 1) (ng, + 2) +++ (nm + 2010) 


IT =1 (mod 2010!). 


In particular, this congruence holds for any prime p < 2010, showing 
that the number 


2010! 


cannot be divisible by p (as being of the form kp + 1). In place of the 
numbers Nnm we can also take numbers of the form P?m, where P is the 
product of the primes less than 2010. 


Solution 2. We will use again the theorem of Lucas. We consider the 
product P of all the primes less than 2010, and numbers of the form 
ny = PF, with k > 11. For any prime p less than 2010 (therefore a factor 
of P) the base p representation of 2010 has at most 11 digits, say 


2010, = diodo . . . dido. 
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On the other hand, because nx is divisible by ptt, it has all its last (at 
least) 11 digits in base p equal to 0, say 


(Nk) p = ds ...d1 0...0. 
11 digits 


Thus, 
(nk + 2010); = ds nus d11d10 aus do, 


and by Lucas's theorem 


Nk + 2010 E ds dii dio do z (mod ) 
2010 / 7 \o 0 J Vdio do) ~ rae 
and we finish the proof as in the first solution. 
The numbers a1,a2,...,an > 0 and bi > bg > --- > bn > 0 satisfy 


a, > b, ay + a2 > bi + 05,..., 


Qa, +aot:--+ta, > bi +bo+---+ b. 


Prove that for every positive integer j, 
aja) a) mb ee E. 
Solution 1. We use induction on 7 to show that 
af tabt. tal >be +bh+---+0h 


for each positive integer j. This is clear for j = 1, so we assume it to 
be true for some j, and prove it for j + 1. Note that, for any 1 € k € n 
the numbers a1,a2,...,ak satisfy the same conditions as a1, a2,...,@n, 
therefore the inductive assumption applies to them, too. Consequently 
we also now that 


aitat toizi ++ 
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for every k € {1,2,...,n}. Now, by Abel’s summation formula (twice) 
and the hypotheses (including the induction hypothesis), we have 


abı + abbo +--+ + af bn 
= (bı — b2)a? + (b2 — b3) (af +03) +--+ + (bn-1 — bn) (af +03 +- -+a _) 
+bn(aj -- a) +--+ ad) 
> (by — be)b! + (by — ba) (b) + 83) +--+ (bn-1 — bn) (Bi +B 4 BÀ, 4) 
bn (b] + bh +--+ 0h) = eH ej" essor P. 


We also use the inequality between the arithmetic and geometric means 
to infer | | | 
jai b) > (j + 1)alb, 


for every 1 € k € n. Adding all these inequalities and using the above 
yield 


5 ait 4S ois ED > (j+1) WU 
k=1 k=1 k=1 


thus 


n 


Soa” > 5 p 


k=1 k=1 
follows, finishing the proof. 


Solution 2. Note that we may assume without loss of generality that 
aj 2 a22°°:-2a,>0. 


Consider the numbers 
k = âk — bk and Yk = af” aka ^by Heee ab t H 
for k = 1,2,...,n. By the hypotheses we have 


Tı +z +: z&Q 20 
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for all 1 € k € n and also 
y12922-:::2 ys 5 0. 


Also, aj — b = £%kYk holds for every 1 € k < n. Thus, by using Abel’s 
summation formula and all the above observations, we have 


TL 


Xal- y^ = 3» sky = £1(y1 — ya) + (x1 + z3)(y1 — y2) 
k=1 


k=1 
+--+ (£1 x +--+ + 2n-1)(Yn—-1 — Yn) 
+ (21 + z2 +- + En)Yn = 0 


and the conclusion follows for every j > 1. 


Evaluate 


| = 


» 


1 l=k 


iM 


Solution. Remember that, for any x € IR, we have 


OQ 
qu » 
b» | 7 d 
m! 
m-0 


the well-known formula that defines the exponential, in which the abso- 
lute convergence of the series is also well-known. Thus, in particular, 
A 1 

2 cm 

m=0 ` 
where the series is absolutely convergent. Consequently, for the series 
from our problem the (absolute) convergence is clear, too, and reversing 
the order of summation is allowed. And we have 





CO CO CO 1 
-5 Y Ei 2,1225 7! 
k=1 a k=1 I>k = ` 1<k<l l=1 
Eod uw 
eb 


2. Solutions to Medium Problems 269 


(Basically, the above line says that in the double sum every term 1/1! 
appears precisely l times.) 


M36. Evaluate 


Solution. First note that we have 


OO 


! = N ) 
= (s--t)!) s-1 


for any positive integer s > 2. Indeed, 


CO 


sit! 1 
2/645 C" 3 T5 





s! x 1 1 
E n E fers: p Tae, 


s! 1 |. 4. 
s—ls! s-—1 





Now, for the problem, we have 








Sey eee ee 
a=1 9=1 +5 +0) eee hy) 
E i+1i 
OO 





i-e 


according to the above result, and to the well-known result about the 
most ubiquitous telescopic sum, namely 
—~ 1 


2 dci zu 


i=1 
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Note that the formula proved in the beginning can also be expressed as 


CO 











eee 
"m s+t s— 1 
S 
and that the sum can also be telescoped in the form 
= s+t s—1- s+t—1 | s+t 
S s—1 s— 1 
o 8s 1 u 1 
= s—-1/ s \ s-l 
s—l 
M37. Prove the inequality 
2e 
= (k+1)vk 


We met this before as Example 1.22 (although there the inequality was 
stated for the partial sum of the series, basically we have the same prob- 
lem) and now we come with two more solutions. 


Solution 1. We have 


CO 


1 2 qut r 
ie Gra ;] rng 


j= 


m 1 T 
E dr Ira K E. 
J CE T arc an va : 


therefore 
= 1 1 1 1 = 1 
rest, a ary, ae eT ea 
mai (k+1)vk 2 3/2 4v3 í (k+1)vk 
gi Dk oh om 
2 3/2 4/3 3 
0.5 -- 0.4 4- 1.1 — 2, 
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as required, because 


1 1 1 1 11 
+ —— = ——— < 04 (611 < 11.424) 


3/0 4/3 ^3-14 4.17 42-68 


and 7/3 « 1.1. 


It is not unusual to compare E f(k) to jf f(x)dx (actually, it is a 


k=1 
standard procedure). For example, if the function f : (0,co) > R is 


decreasing (as is f(x) = 1/((z + 1)./z) in our example), by the mean- 
value theorem for the Riemann integral (or just by the monotonicity of 
the integral) we have 


j+1 


IU 3€ f(z)dz < f(), j 21, 


J 


thus 


[tear < Ls < f fi: 


follows by summation for j running from n to oo. For instance, the 
convergence of the generalized p—series, with p > 1 can be proved like 


this: 
a eT —dz = = < oo. 
295 one 


On the other hand, if p < 1, 


ao E z% 


and the divergence of the integral leads to the divergence of the p—series, 
too (consider the cases p = 1 and p < 1 separately to compute the 
integral — which is oo in either case). 
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Solution 2. This is the simplest of all proofs. Since 


2 2 2 
Vk vk+1 VeVk+1(Vk+VE+1) 
2 


Vkvk+1(vVk+1+vk+1) 
1 


RRIA 





we have 





Lae 1s Vk -uen)- 


Remember the identity from the Example 3.5 and use it to prove that 


Sa- 


k=1 


zl 


Solution. This is the celebrated Basel problem, solved by Euler at the 
age of 28. We have already seen in Example 3.5 that, for a positive 
integer n, the numbers 


kr 


e 
= 2n +1’ 





bem wah 
are precisely the roots of the equation 


2n +1 2n +1 4 2n+ 1 
Th n -— =le — 0. 
CL (E pmeem)e 


(Remember that this comes from the formula — obtained from de 
Moivre's formula, and the binomial development - for the sine of a mul- 
tiple of an angle. Namely, we have 


m m 
sin mt — (7) cos” t sint — n cog Fein? t qo 
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thus, for sint Æ 0, 


sin mt m 
CUm = (t) co t — e G0U E vets, 


Just put here m = 2n + 1 odd, and t = kr/(2n + 1) in order to see that 
the n distinct numbers cot(kr/(2n 4- 1)), k = 1,2,...,n are the roots of 
the above equation.) 





Thus, their sum is 











= 2n +1 2n +1 3 
1 
Also, we have 
n n 
1 k 2n — 1 2 2 
SS ia a PII CUM NNI URN 
o kr 2n +1 3 3 
k=1 sin k=1 
2n + 1 
Now, the well-known inequalities sing < x < tanx imply 
cot? a < = < EN 
r? ` sin? x 


for all x € (0,7/2). Putting all these together yields 











k kr = 1 i 1 
3» cot? «3 —, <) — 
2 antl (kT k=1 sin? idi 
2n +1 2n + 1 
Or j s r 
2n(2n — 1 1 2n(2n +2 
iE e A L 
6 (2n+1) k? ^ 6 (2n+1)? 


for every positive integer n. All that remains to do is passing to the limit 
for n tending to infinity, and use the squeeze theorem after noting that 
both extreme sides tend to the same limit, 1/6. 
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M39. 


Alternatively, we can use the formula 
n 
(2k — 1)r 
t? 4 — = n(2n — 1 
2, CO zm n(2n — 1) 


(how can it be obtained?) and the same inequalities as before in order 
to get 





T? 2n—1 z 1 T? 
$m Ue s 
Passing to the limit yields 
oo m, 
lage 


=A 


Basically these is the same as the Basel problem’s formula, because 





27 ) alo Mc weer 


hence 


Say iSi 
(2k —1) 42 2° 
We invite the reader to follow carefully this path, too. 


Evaluate 


2 1 
) pepe 


ee, 
NY we rors. 
k=1 


Solution. (a) As we know, we have 


DV 
Bares (SERM 
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hence 


TL 


Y 1 Elo ws 
Euer uL a emu — ——MM 
re a as 2. k k+1 





k=1 
= Da- * incip -2(1-45)), 
so that 
m " 
Yaoi xar eiu) 


(b) Similarly, we have 
P dito o E LL 
RET M k k+1 


k=1 
: 1 1 2 
gD us t(kxiy uud 
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3 





(—-1)yvt 
— (—1 ———— , 
k pe n 4-1 





k=1 
By passing to the limit, we get 


3 (y | 
Lie. 4 
k=l 


if we use the well-known result 


n D n 
QUE : —]1n245 = — n2. 
k=1 





We saw this at the start of Chapter E » recognizing a generating func- 
tion. Here is a sketch of another possible proof. We have 


pU $e D*- "fs k-lg, — SN Capit tas 


k=1 k=1 0 k=1 
jua 1 (gn 
- [a= f mode | CX 
0 1l+2z 0 l+ 0 1+2 


1 (__p»\n 
-ma- | mic) 
0 l+ 


We let the reader show that the last integral has limit 0 for n tending 
to infinity (just notice that its absolute value is bounded from above by 
1 











x" dx, which tends to 0), and thus prove the claimed result. 
0 


M40. Let T be the set of all triples (a,b,c) of positive integers such that a, b,c 
are the lengths of the sides of some triangle. Evaluate 


w 
bec’ 
(a,b,c) €T S 
Solution. It is well-known that a, b, and c are the sides of a triangle if 
and only if there exist positive k, l, and m such that 
| c-m k+m k+l 


GERR. d and c = 
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In fact we have 
k=b+c-—a, l=a+c—b, andm=a+b-ce, 


so that, if we need a,b,c to be positive integers, k,l,m must also be 
positive integers, and they must have the same parity. Consequently we 
have either k = 2p — 1, l = 2q — 1, and m = 2r — 1 (thusa — qr — 1, 
b=p+r-— l1, and c= p+q-— 1), or k = 2p, l = 2q, and m = 2r (hence 
a=qtr,b=p+r, and c= p- q), in both cases with positive integers 
p, q, and r. Accordingly, we have 


9a oqdr—1 oq+r 
25 3b5c -7 D 3ptr—l5ptq-1 ia Ss 3p+r5p+q 
(a,b,c)ET p,q,r21 p,q,r21 
9c oq+r 
= (us n 1) x 3p+r 5p+q 
p,q,r21 
Ex GGG) 
2 x 15 Ü 3 
SEG ZG 
2 i 15 11 o wm 3 
ES 2 z 
ELE MEE MN I 
2 1 2 2-3 
l)e (qe de 
15 3 


Of course, when we wrote ` we meant that the sum is over all possi- 
p,q,r21 

ble triples (p, q,r) of positive integers — that is why it can be expressed as 

the product of the three geometric series, each over all positive integers. 

The problem was in the Putnam Competition in the year 2015. 


M41. Prove that the inequality 


n—1l n—1 n—1 
(=) +(2) ec (2) soaa Gn 
a2 a3 Q1 $0102***Q0g 
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holds for any positive real numbers aj, a2,...,Qn- 


Solution. We prefer to denote 71 = ?/a],22 = 7/a9,...,2n = Yay and 
thus to prove that 


(2) (Ry. | «(Eu > oTi + oR +--+ iy 


T2 T3 Ti L1{LQ°*** Tn 


for any positive £1, £2,..., Ln. 


We use the inequality between the arithmetic mean and the geometric 
mean of n(n — 1) positive numbers to get 


n(n—1) n(n—1) n(n—1) u 
T2 T3 Ta 2 





L1{L2°°**In 


(mined) of the numbers are equal to 1). This yields, by cyclic permu- 
tations of the variables, n — 1 more similar inequalities . Now one can 
immediately obtain the required inequality by adding up all these n 


inequalities (of course, after dividing the result by noD, 


This is problem 11193 from The American Mathematical Monthly, De- 
cember 2005. A solution by Koopa Koo, based on the same ideas, can 
be found in the 2017 August-September issue of the same Monthly. 
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3 Solutions to Hard Problems 


H1. Find all positive integers n for which 


N= (4+ 3) (252) (tei) 


is the square of a rational number. 


Solution. Suppose n > 2 (since for n = 1 one sees directly that N = 5/4 
is not a square). If N is the square of a rational number, the same is 
true for 


(27?N =4"N = [ | 4k* +1) 
k=1 


(2k? — 2k + 1)(2k? + 2k + 1) 


| 
Ls 


a 
Il 


1 


Il 
+s 


(2k? — 2k + 1) (2(k +1)? — 2(k +1) + 1) 


k=1 


E 2 
= (Troe -2¢-+1)] (2n? + 2n +1). 


k=2 


(We have seen this trick before, haven't we?). 

From N being a square it follows that 2n? +2n +1 must be the square of 
a rational number, too, and, because 2n? + 2n + 1 is a natural number, 
it actually must be the square of a natural number. 

Conversely, if 2n? + 2n + 1 is the square of a natural number, then 4"N 
is the square of a natural number and, consequently, N is the square of 
a rational number. So, basically, the numbers that fulfil the condition 
from the statement of our problem are those n for which there is some 
natural number m such that 2n? + 2n + 1 = m^. For instance, n = 3 is 
such a solution, for which N = (5? - 13/8)?. 


Now we can see that the equality 2n? + 2n + 1 = m? is equivalent 
to (2n + 1)? — 2m? = —1, hence any solution (x,y) of the Pell type 
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equation z^ — 2y?^ = —1 produces a solution (n,m) of the equation 
2n? + 2n + 1 = m? if we take n = (x — 1)/2 and m = y (clearly, x must 
be odd). From the theory of the Pell equations it is known that the 
solutions for z^ — 2y? = —1 are given by the formulae 


1 
ues 5 (a E V/2)2«ti i (1 m 22) 
Le vj (1 VO), GEN 
c= 5 (( 2) ( ) q 
So, finally, the numbers n that we are looking for are those of the form 
1 
nes ((1 + v2) + (1 — vam — 2), 


where q is any positive integer (q = 0 yields n = 0, too, which is not 
acceptable). Thus the first such n is 3 (as we already said), and the next 
one is n = 20. 


Let ay > 2 and a441 = a2 — an + 1, n > 0. Prove that 


log;, (an — 1) loga, (an — 1):--log,, (an — 1) 2 m 
for all n > 1. 


Solution. If ap > 2, we also have ag > 1, and an immediate induction 
shows that a, > 1 for all n, hence the logarithms are well-defined. Also, 
log an > 0 for any n, if log denotes any logarithm with basis greater than 
1 (for example, the natural logarithm). Thus, the inequality to prove 
can be rearranged as 

log(an —1)log(a,—1)  log(an — 1) z 


log ao log a1 log@n-1 ` 


1 
< (log ao log a, - - - log Gn-1)% < a log(an — 1). 


By the inequality between the arithmetic and geometric means for the 
positive numbers log a9,loga1,...,log a4 1, we have 


(log ag log a1 ---logan-1)* < —(logao + log ay +--+ + log an—1) 


oles le 


log(aoa1---Gn—1) € - log(as — 1). 
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H3. 


So, we have our problem solved if we prove the last inequality, which is 
equivalent to a9a1-::a4—; € an — 1. But the recurrence relation for the 
sequence (an)n>0 can also be written in the form 


=i 
iom es) cre 


ak 
ay —1 


and, if we multiply these equalities for k running from 0 to n — 1, we get 





Q001*:*'Qn—] = 


because ag — 1 > 1, by hypothesis, which is precisely what we intended 
to prove. 


Let a be a real number greater than 1. Evaluate 


Ehe e 
k=1 a? 7 a2 +1 | 


Solution. By repeatedly using 
1 1 B —2a 
a2 +a+1 at*—-at+l1 aft+a?+1 
(you remember (a^ — a + 1)(a? +a + 1) = af +a? + 1, don’t you?), or 
by inducting on n, we get 
1 o9k-1425-1—1 9na2^—1 
2; RTE S o —— ——— = A, 
a*+at+l ea +1 QT Gee ue 


Ti 
= M 


Because for a > 1 we have 


i n 
UR E d. 
1 
lim ae ee lim ant = (0, 
n—oo a?r + a^ +1 n-0o0o 1 1 
der uer 
a a 


the right-hand side of the previous identity also has limit 0 when n — oo. 
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Consequently, the required sum is 


oco k—1,2*-1—1 n k—1,25-1—1 
2 2 
yee e = lim Y (-1)*1— — — 
= areas T. a a^ —a^ +1 
B 1 
at t+atl 


For a nonnegative integer k, define Sy(n) = 1* + 25 +..-4+n*. 


Prove that i 
^ 
1+ Spn) = (n 4- 1y'. 
20 (n) = (n+1) 


Solution. This is just a reminder (we did it before at the start of 
Chapter 1). We have 


as required. The following recurrence for the sums S;(n) also holds: 
9541 (n) EX 016, (n) + 05Sr—1(n) = nee (—1)"o7S1(n) 


= (n+1)n(n—-1)---(n—-1) 
ee 3 
for positive integers r and n, where c7 is the sum of all possible prod- 
ucts of k distinct factors chosen from the numbers 1,2,...,r (the kth 


fundamental symmetric sum of the numbers 1,2,...,r), for 1 € k <r. 
Indeed, 


Sr4i(n) — o1, (n) + 05S, 1(n) —--- + (-1)'o;.S1(n) 


n n n 
=Ņ_ jt -oX j tog tee + (1) 
j=1 j=1 j=1 


J 
1 


TL 


J 
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H5. 


nr 


TL 
-Y n = og a - + (1089) = Y 36-2: G-r7) 


1 
r+2 





2. (Us 19i e ege Uer esb) 
j=l 


, (n + 1)n(n - 1): (n =r) 
r+2 


Get a slightly different recurrence by using the similar formula 
gory egg "ebsiuqporgesg Galen deny. 


For instance, when r = 2, we have o? = 1 + 2 = 3 and of = 1- 2 = 2, 
therefore we get 


S3(n) — 3S2(n) + 251(n) = L CO 


By replacing here S4(n) = n(n +1)/2 and So(n) = n(n + 1)(2n + 1)/6, 
we get S3(n) = (n(n + 1)/2)?, as we know. Use this recurrence formula 
to find S4(n). 


Find all positive integers n such that 
m 
n = | [ía +1), 
1—0 


where GmGm—1-..ao is the decimal representation of n. 


Solution. For m = 0 there clearly are no solutions, so that we assume 
m 2 1 (that is, n has at least two digits). 
We have, for a solution n = aj m-1---9, 


dmüm 1:107" 7! € agàm-i...dg = (am + 1)(@m—1 + 1)--- (ao +1) 
€ (am + 1)(am-1 +1)-10"". 
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The first inequality comes from the fact that all digits are at least 0, and 
the second one is due to the fact that the digits are at most 9 (we use 
these bounds for the last m — 2 digits). Consequently 


10am + Qm—1 = QGmdm-1 € (am T 1)(@m-1 + 1), 


which is equivalent to 


Since both 9 — am_1 and am are from the set {0,1,...,9}, the last in- 
equality is possible for either am = 1 and am_1 = 8, or am-ı = 9 and 
am any other digit. 


In the first case the above inequalities become 
18.1077! < 182,4, 2...a9 = 2:9: (ag 2 + 1): (ao + 1) € 18- 10771, 


That is, they must be all equalities, which is possible if and only if 
Am—2,---,a9 are all 0, and, simultaneously, they are all equal to 9. Of 
course, this can only happen when m = 1 (so there are no a4 2,...,a0) 
— that is we get the solution n — 18. 


In the second case the equality 
dmüm-1---d9 = (am + 1):-- (ag + 1) 


forces ag to be 0 (because there is a factor of 10 in the right-hand side), 
which makes the right-hand side at most equal to 10”. On the other 
hand, the left hand side is at least 19- 10771, as am > 1, and a4, = 9. 
Since 19-1077! > 10” the equality is not possible in this case. The only 
solution remains the number 18. 


Let 
k 


(k — 1)8 +k3 + (k+1)3 
Prove that a4 + a9 + :-: + ag99 < 50. 


ak = 
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Solution. We have 
999 999 


2,52, 4 d 


e (k— 1)8 +k3 + (k 4138 
999 k 
Mrs mcum D$ + (k + 1$ 

999 k ((k +1)? — (k-1)8) 
~ (k+1)2—(k—1)2 


k=1 
jo : i 
gr» a -(k- 18) 
k=1 
=i (10005 +9995 — 13 - oi) 
1 
< (100 + 100 — 1) < 50. 


H7. For a fized positive integer a define the sequence 


n 1 ie 
s | (a+ a? +1) Tw 
QM M 3 
oj dn-10n41l 8a^ 
Solution. We show first that 
n n 
Qn = (a+ a? +1) + (a- Va? +1) 
for every n > 0. Note first that, by the binomial theorem, the number 


b c (a+ a2 +1) +(a-Var+1) 


M n 2k 2 k 
= >, (5) (a? + 1) 


Prove that 
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is an integer, for each n > 0. Thus we have 


Jem Ry 
= |- (a VF +1) -(3) | 


if we prove that the last integral part is 0. Observe that 


P ÀÓ—ÀÉ 
vaz+it+ta 2 
for n > 0, as a > 1 and va? + 1 > 1. Now we have, for odd m, 
n 1 n n 1 n 1 n 
- (a- Va? +1) +(3) = (va? +1-a) + (3) <2-(5) <1 


and 


bie $33" + (3) -(vasi-o)' «(5) >0 


2 
For even n we have 
n 1\" IN " 1\” 
- (a- Va? +1) + (3) = (5) — (vVa+1-a) < (3) «1 
and, also, 


vides 3 «(3) -(3) -(Vdv1-9) »o 


2 2 


n 1 a 
Thus in both cases the expression — (a — ya? + 1) + (3) is between 


0 and 1, therefore its floor function is 0. So, 


n n 
üns (a+ a? +1) + (a- Va? +1) 
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H8. 


n n 
for every n > 0. Because (a + Va? + 1) and (a — Va? 4- 1) are the 


roots of the quadratic equation z^ — 2az — 1 = 0, it follows that the 
numbers an satisfy the recurrence 


for n > 1, hence 








| QU o 1 Meum 200 zd = An+1 — Qn—1 
L ün-iün41 — 2a 4— as 1üs0g4i 2a — An 10n0n41 
1 3 1 1 1 1 
~ 92a L \an-14n ünün 2aag01 8a?’ 
because ag = 2 and a4 = 2a. 
Evaluate 
CO 
1 i a 
2k an —- Ok? 
kel 


where a £ sr, with s any integer. 


Solution. Remember (and prove!) the formula 
tan x = cot x — 2 cot 2x, 
according to which we can write 


1 Q : 1 a 1 a o 1 a 
D oe Ma = DL 9k COt og — 5k-1 OOt 5-1 c eto cd 
k=1 k=1 


Consequently, 


OO 
Y lani = lim : Ubi Uia -—T 
i 9k 9k 2n 2n a 


This is because we have the well-known limit 





T 
lim x cot x = lim =] 
+0 z 0 tan r 
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yielding 
j; 1 : _ p 1 a ; a d 
ee ; = jim - gn O° on a 


(as a/2” — 0 when n > oo). 

H9. Let n be a positive integer. Prove that 

n—1 2 
k—1 k+1 2 nd 

I] (2 sin? [Ec Dm + 2sin? (E DU — sin? z)- (1 — cos eJ . 

n n n n 
k=0 
Solution. As we know, we have the factorization 


n—l 
2Qkr 2km 
den E — EE A bd ue 
zZ -JĮ (+ COS - i sin Fr) 


k=0 


for any complex number z. Taking the absolute values, we get 








n—1l 
2k 2k 
|z” — 1|? = I] z — cos — isin r| i 

md n n 
hence i 
ncs 

2k 
jz” —1/? = I] (2 - 2z cos — F 1) 

k=0 


when z is a real number. 


For z = cos 4X 2x 


2 
1 — cos” an 
n 


we get 


E 2T 27 2k 
IT iC PU 2 CO8 — — cos — + =" +1) 


k=0 
n—1 
2 2(k—1 2(k +1 
— ud MIE ute 
k-0 TU TL n 
n—1 
— 1 2 
= (2 sin? ID + 2 sin? VET — sin? =) 
k—0 n n n 


after a few simple trigonometric transforms, as desired. 
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H10. Let m and n be integers greater than 1. Prove that 


1 2 
kilka! kn! cosh + 2h Mun ny) = }=0 
ere) ee Te aren du eu aD erre n: n 


Solution. The sum is over all n-tuples (kı, k2,...,kn) of nonnegative 
integers that sum to m and we first observe that it represents the real 
part of 


1 eia +2ko+--+nky) 25 


kilkol..-k,! 
hake dac ecu: cbe e n 


1 ani N K1/ 9, ani \ Ko n. 2zi \ En 
= ——— "1 E P € n 10 n 
3 xen) e) (0) 
kikkg deem ds voe O 


D apup toy 
m! 
for w = en. Thus we arrived at the sum of the nth roots of unity, 
which is well-known to be 0, hence the conclusion follows (and we see 
that it remains true if the cosines are replaced by sines, too). We used 
the multinomial formula 


m! kı kə 


————— có L P" 
kilka! RU 2 
ki -- ko 4- ks 2m yk ko ,..., ks 20 12 sg 


e ohn — (a7+-29+- . +27)". 


H11. Let X be a set with n elements. Prove that 


» mnzienut. 
YZCX 


The sum is over all possible pairs (Y, Z) of subsets of X. 


Solution 1. First we note that if M is a finite set with m elements, 
then the number of pairs (A, B) of disjoint subsets of M is 3™. Indeed, 
we can choose A having k < m elements (from the m elements of M) 
in CP) ways. Once we chose A, B can be any subset of the complement 
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M \ A of A with respect to M. Since M \ A has m — k elements, there 
are 2™-* possibilities for B (for every subset A of M with k elements). 
Thus the number of such pairs (A, B) is 


m 


X 7") gmk — (2 4: 1)" = 37. 


k=0 


Now we evaluate the sum from the statement of our problem in the 
following way. For a given subset S of X, we can have Y N Z = S for 
Y,Z C X in as many ways as there are pairs of disjoint subsets of X \ S. 
(This is because Y N Z = S is possible if and only if Y = S U Yi and 
Z = SUZ, for mutually disjoint Yı and Z1 with elements outside S.) 
According to the observation from the beginning, we see that there are 
3XI-15! pairs (Y, Z) of subsets of X such that Y N Z = S. Of course, if 


S has k € n elements, it can be chosen in ways, and it contributes 


n 
k 
to the sum with an amount of k. All these being said, we can calculate 
i n - n 
- -k _ —k 
So Ynz|- «(m = «(m 
Y,ZCX k=0 k=1 
As we have previously seen, by differentiating 
t fn 

2 oa =(1+2)" 
k=0 


(with respect to the variable x), we get 


3 k (i) z^ = n(14 z)"-1, 


k=1 
therefore we also have 
` k zë = nz(1-- x). 


k=1 
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For our sum we can write 
n | n k n—1 
n n—k n n 1 n 1 1 n—1 
2 )et-n2M6)()-m:0) c 
k=0 k=1 
which is precisely the claimed result. And here comes the simpler proof. 


Solution 2. 


» rajes >. > 1 


Y,ZCX Y,ZCX zcYnz 
zy J y de» Nut end 
rcX rcY TEZ rcx 


where we have used the fact that 


D dew qe 


which just says in formulas that each x € X is in exactly 2”—! subsets 
of X. 


H12. Evaluate the sum 


v-(20 09-0 
| 


Solution. Remember that 


and 
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hence 
dun Ue mA (m mi fm u 
(+i) 4- (1— i) zii (2) * (5) + | 
Since 
(ET) 222 (cos ZZ 2 isin 2), 
we obtain 


2 CD i4 " m 7 Hl d: H — o ER cos TT, 


Now remember the simple formula 


iG) ==) 


and utilize all that to evaluate the given sum: 


$= (ak (,," .) = evn] 


k>1 k21 
: —1 n- —1 
= n? (17 Ps ) = n2". cos a. 
j20 


Of course, the sums are not infinite: at a certain moment the binomial 
coefficients become 0. For instance, by 


_4\k-lop _ n 
Dene- nhy”) 
k>1 

we actually mean 


Iya " 
— =l — 
(-1)*7 (2k D(a," |) 


since the binomial coefficients with 2k — 1 > n are all 0. The condition 
2k —1 € n and its analogues for other similar sums are somehow taken 
for granted in such wording. 


k=1 
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H13. Prove that 


m» 3) (s) j ; d TIME (emm | 


Solution. We already proved a general result on sums of this type (in 
Example 3.7), namely 


k-1 ; 
n\ (m n n ee &jT | mjm 
> = ()+ (E+) + = DA [0L 
[0 (mod k) j=0 


Of course, there exists a more general formula, and this is 


PM 6 j Mrt Grat 


k—1 ; ] 
2 =D 
== 3 cos” om m 


(Again, the sums are finite.) Let us remember how we did in the case 
r = 0, by proving the general formula. We use the kth roos of unity, 


2] 2) 
ej = cos 27 isin, 7=0,1,...,k-1., 


and the fact that their power sums with integer exponent £ are 


E 0 if ktt 
As J l| k if kit. 
j=0 


Thus we have 


—1 k—1 n = n - 
€; (1 6j) = X E; ) OE = (") Ej 
j s=0 


ev 


Q 
] 
© 
V3. 
I 
o 
(5 
i 
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Now the inner sums are not 0 (in which case they equal k) precisely 
when s =r (mod k), therefore the above becomes 


$e (lt+e;)" =k 2 E, 
l=r (mod k) 


In order to obtain the desired formula we still need to note that, actually 
(being a real number), the sum from the right-hand side is equal to the 
real part of the sum from the left, and that, by using 


ax Q a .. Q 
1 + cosa + isina = 2cos 7 (cos 5 + isin 5 } 


plus de Moivre’s formula and complex multiplication (in trigonometric 
form), we get 


N j (n—2r)jjw |... (n-—2r)jm 
e (165) —2" cos” E (cos EAT jay cr 


For instance, let us consider the case k — 3 when we have the three sums 


5. = ` rani 
l=r (mod 3) 


The three roots of unity of order 3 are £ọ = 1, 


€ COS ail + 7sin ai and € COS e +isin i 
= — — = — in —. 
; 3 3^ ^ 3 3 


By the binomial formula and the fact that e eg. 
So + $91 + S2 = (14- 1)* = 2^, 


So + €181 + e? S» = (1 + 4) 


and 
So + E281 + e2 9» = (1 + £9)". 
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In order to solve for Sı we need multiply the three equations with €g : 
(that is by 1), with ej !, and with e3" respectively then add and note 
that the coefficients of So and S2 become 0, while the coefficient of Sı 
will be 3. Thus we get 


39, = 2^ E e 1 (1c £1)” + £5 (1+ &)", 
and further, by trigonometric and complex numbers calculations, 


—2 2 2(n — 2 
(n —2)m on ooge 27 cog ^ Vt — 2T 


T 
= on Hn n" 
391 + 2" cos 3 COS 3 3 3 


If we take into account that 


2(n —2 ae "e 
cos 2&2 — 27. — cos ((n — 2)m — T) = (L1 9 $277 
3 3 3 
= (—1)" cos dea 
3 
and 
cos — = Bae — tł 
3 PX 3 9 


we finally obtain the formula 


$= («0 * C) ems (2 + 2008 28). 


Similarly we can get 


sa Qin m 


and 


ie 
| 
P cl" 
N 3 
NN! 
+ 
EN 
os 
nN.” 
+ 
P E 
oo 3 
e 
+ 
| 
Go| = 
ATTN 
N 
3 
+ 
KO 
O 
© 
un 
ww 
xy 
Mao i 
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> 06797 C. 


for any nonnegative integers m and n. 


Prove that 


Solution. If we want to choose an m-element subset of the set 
{1,2,...,2n} we can choose arbitrarily (for any 0 € k < m) a 
k—element subset of {1,2,...,n} (and this can be done in (2) ways), 
then we complete with m — k elements also arbitrarily chosen from 
{n+1, waa ., 2n} (which action can be performed in (, " ,) ways). So, 


there are So ) ways to chose m elements of the set (1,2, . . . , 2n}. 


On the ather hand, a 7) definitely counts the same thing. Thus, as both 
sides of the identity count the m—element subsets of (1,2,. On}, they 
are, indeed, equal. Of course, this is a particular case of Vien edes 


identity 
LOU 


(a, b, and c are nonnegative integers and the sum is over all pairs (i, 7) of 
nonnegative indices that sum to c), which we met (and proved) before. 
Here we provided the purely combinatorial approach and we invite the 
reader to extend the proof to the general case. 


Let n be a positive integer. Prove the combinatorial identity 


SOCS) 


Solution. Let M = {1,2,...,n} and N = {n+1,n+4+2,...,2n}. We 
count the number of ordered pairs (X,Y) of subsets X of M and Y of 
n 


XUN, Y having n elements. First, this number is ` (2) [5 because, 


k=0 
for each 0 € k € n, we can choose a subset with k elements X of M in 
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H16. 


(2) ways, and once this X was selected, we can choose Y (a subset with 
n elements of X UN) in ("^**) = (^t^) ways. 


On the other hand, we can first pick up Y as a subset of M U N. More 
precisely, we first choose Y (1 N as a subset of N that can have any 
number k < n of elements from the n elements of N — and this can be 
done in (2) ways. The remaining n — k elements of Y can be chosen from 
the n elements of M in (ee i) = 6 ways, and for each of these choices, 
X can be completed with some of the other k elements of M (other than 


those already put in Y) in 2^ ways. Thus a pair (X,Y) of sets X C M 
n 
and Y C XUN with |Y| = n can be also chosen in >. o b ways, and 


k=0 
the equality of the two sums follows from this enumerative argument. 


Prove similarly the slightly more general formula 


»(9625-x*0)0). 


Let n be a positive integer. Prove that 


(DN. 1 1 
2. pce peque dps 


k=1 
1 
Z= | ues 
k Jo 


1 1 : : 
2 n 0 0 


-f VE! We oe 


i t 


Solution. We have 


m 


z"—1 


d 
T= s 





where, at the last step, we changed the variable with x = 1 +t. 
By developing (1 + t)” with the binomial formula, and after simplifying 
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by t, we get 
n 0 n 
(-1*7 (n 
def EORR ASEO 
l k=1 k=1 -l  k-1 k k 
as desired. 


Solution 2. An elementary approach is possible, too. Let S» denote 
the sum from the left-hand side. We have S; = 1 and (by the recurrence 
formula of binomial coefficients), 


-- ESE) (2) 


Actually, for k = n + 1 the formula only gives 


-Gen « Gh) 


so that we further can write 


pen rer.) 











k=1 k=1 
n+l 
ES rr 1)" gd ) 
= eae 1 
n+1 


Now from Sı = 1 and Sn+1 = Sn + 1/(n + 1) for n > 1 the conclusion 


1 1 
Sn=ltatee ter 
2 n 


easily follows by induction. 
Note that we used 


n+1 
lí n 1 /n+1 „/n+1 
— cum m — ex]. — . 
(3) zal k and Š "( k )- * 


k=0 
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H17. Let (Fn)n>0 be the Fibonacci sequence defined by 


H18. 


Pg =0, Fy = 1 and Fase = Fn41 + Fn for n 2 0. 


Prove that 


Y Wy ds 


k>0 


Obviously, the sum lasts as long as the binomial coefficient is not 0 (that 


is, as long as n— k > k). 
(" — ij 
2. k 


we see immediately that So = 1, S1 = 1, and (by the binomial recurrence) 


peger EG) 


Solution. If we denote by 


k>0 k>0 k>1 
=. ‘) + -_ 
k>0 k>1 k-1 

= On-1 + Sn—2 


for all n > 2. Since $9 = Fi, $1 = F>, and the sequences (Sn)n>0 and 
( Frti}nzo satisfy the same recurrence relation, they must om that 
is, Sn n+1 for every n > 0, as required. 


n n— 1 n n —2 | (n— 3 " 
0 1 2 3 
Solution. That is, we are asked to evaluate 


Dor) 


Evaluate 
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which suggests us to consider the more general problem of evaluating 


the sum 
Sala) =F (" : "A oh 


k>0 
With this notation, we must determine $4,(—1) (after we found, in the 
previous problem, that S,(1) = F,41). A recurrence relation can be 
obtained exactly as in the preceding exercise: 


S5 (x) EX (i eX un 


k>0 k>1 
a ): ex Mo ): 
k>0 k>1 


= Sn-1 (£) + z$S4 2(x) 
for all n > 2. 


In the particular case of x = —1 we have So(—1) = S;(—1) = 1, and the 
recurrence 


Sn(—1) = S4 1(—1) + Sn—2(—1) =), 222 
has the characteristic equation t? — t + 1 = 0 with roots 


T T 
— t isinc. 
COS 3 isin 3 

Therefore 


S4(—1) = Acos EB + B sin EB 


for all n > 0 and appropriate constants A and B which can be determined 
from the initial conditions. Finally we get 


,(n—k nxt 1 , mm 2 (2n — 1yr 
— = n =] = — — — SS RE UE SAL 
2 1) ( " Sn(—1) = cos 3 + J sin -7 Fi Cos 5 


A period of 6 is immediately detected, based on the periodicity of the 
trigonometric functions. More precisely Sn+6(—1) = Sn(—1) for all 
n > 0. The sequence starts 1,1,0,—1,—1,0, then these values repeat 
indefinitely. For instance, Sem(—1) = 1 for every nonnegative integer m. 
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sions with first terms a1, a2,...,@4n and common differences d,d»2,..., dq 
respectively. Prove that 


H19. Partition the set of positive integers into n > 1 arithmetic progres- 


n+1 
> 





n 
Gk 
d 
k=1 £ 


Solution. Note that we must have a, < dy. ‘To see this, suppose 
the contrary a, > dy. Then x = aj — dy must be contained in some 
arithmetic progression, say the i-th, and we must have i +Æ k since z is 


below the start of the k-th arithmetic progression. But then 
x + did, = ay + (di — 1)dk 


is in both the t-th and k-th arithmetic progressions, a contradiction. 
From this it is not hard to see that among the first N = didə- dn 
positive integers there are precisely N/d, numbers belonging to the pro- 
gression P, with first term aj; and common difference dg. This is why 


we have " 
N N N 1 
e qe D d; 
Also, we can write 
N n n N/dy—1 
N(N +1 
= NED j=), (ak + idk) 
j=1 k=11<j<N, j€Pk kel. i=0 
n 
N 1N 
= m spe (3 -1) ds) 
= (3. 2d, \d 
n 9 n 
Qk N 1 Nn 
je 5 pa dh 2 


302 Chapter 9. Solutions 


by using the hypothesis and the observations from the beginning. 
This can be rearranged as 





(n+1) | “. aK 
2 i 2. dk’ 
and the problem is solved. 


H20. Let aj € a9 € --- < an and bj, b2,...,bn be positive real numbers such 
that 


Q1 +a2 +::-+ak 2 bi +b2 +: +bk for all 1 € k € n. 


Prove that aiaz: an > biba.» bn. 


Solution. We have 


1 /b b b 

Vaia: -an 2 x1/A1A2°°* An— (4+) 
n \ ai Q2 an 
Sib be 


> $/0102-:*:*Q0g 


= V/b1b2--- bn, 


whence the required inequality immediately follows. The second inequal- 
ity that we used is, of course, the AM-GM inequality, so we still need to 
explain the first, that is, to prove 


Q1 a2 an 


b b b 
2 2p ten, 
Q1 a2 An 
For this one we use Abel’s summation formula and the hypothesis: 
b b b 1 1 


ai a2 An Qi a2 


(< - =) (bs + ba) + 


a2 a3 





Qn-1 an 


1 1 1 
«( - E) eee bea) cioe) 
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1 1 1 1 
<(—-—)]a+(——— ] (a.+42)+4+-:- 
Q1 a2 a2 a3 


1 1 1 
+ (4-4) ea) Ln tan t+ an) = 
n 





Qn—1 an 
and thus we are done. 


The problem was proposed by H.A. ShahAli in Mathematics Magazine 
— as Problem 1862 in the February issue from 2011. The above solution, 
by Omran Kouba, appeared in the February issue of the same Magazine 
from 2012. 


H21. Prove that Carleman's inequality, that is, 


OO OO 
` /a1a2°*' ak € eX ar 
k=1 k=1 


holds for every positive real numbers aj, a2,.... 


Solution. For positive real numbers b1, b2,... we have 
Y yaa = geh y TDI 
La OOS £X bb; br k 4/53; i 


= 86) k 


by using only the inequality between the arithmetic and geometric means 
of some positive real numbers, and by changing the order of summation. 
You can see here a similar trick as in the previous problem in applying 
the AM-GM inequality, which will be completed by a clever choice of 





the numbers b1, b2,.... Namely, we take 
Gay 
Da 
VE 


for 7 = 1,2,..., for which 
bibo by = (k +1)", k—12,.... 
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We thus get 





= 
= = j? — k(k + 1) 
OO s " oo 1 
7 (j-1)y1 _ Ly 
= ) aj qj j = ) 1+ j Qj, 
j=l j=l 


which is a little stronger than Carleman’s inequality. Indeed, it is well- 
known that the sequence with general term 


1\Ĵ 
J 


is strictly increasing and convergent to the number e, therefore all its 
terms are less than the limit: we have 


1 j 
(1+) <e 
J 


for every positive integer j. Consequently the inequality follows: 
S a (1+5) DaS aj, 
k=1 j=1 J 


as desired. 


It can be shown that the constant e is optimal (i.e., the smallest possible) 
in the sense that if, for some C’, the inequality 


[^18 


OO 
$0102 e ak € C 5 ax 
k=1 


a. 
il 


1 


holds for any positive real numbers aj, a2,..., then C > e. For example, 
choose aj = 1/k fork = 1,2,...,n and a, = 0 for k > n, then let n — oo 
to get this result. 
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H22. Prove that 


4n? — 
|| _ n(4n 3n + 5) 
6 
k=1 
Solution. We know that [vk] — j if and only if j < Vk < j +1, that 


is if and only if j2 < k < (j + 1)?. Thus, for being able to evaluate the 
integer parts we write the sum as 


n? n-1 (j+1)?-1 n—1 (j41)?-1 


SMJ-E X MHE E r 


k=l 
n—1 n—1 
-5i (2j + 1) +n=25) 7 +S jtn 
j=l j=l j=l 


n(n- 1)(2n-1) | n(n- 1) 
GEM a a 
n(4n? — 3n + 5) 
ES 


+n 


A question rises naturally: what if the sum is from 1 to some arbitrary 
number (not necessarily a square)? The answer is that a formula exists. 
We have 


> | vil Geri OSEE 


k=1 6 


for q = |.,/m|. The simplest proof goes like this: 


SMJ- EE X: 


k=1 IXkzm 1<j<Vk l<j<J/m j?<k<m 
= Š (m+1-})= X` (m+1-3°) 
1<j<y/m 1«3€q 


a(q+1)(2¢+1) 


(m+ 1)g — 5 
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The method used in the particular case works in the general case, too. 
We have (for q = |,/m|, hence for q^ € m < (q+ 1)?) 


m q-1 (j+1)?-1 m 
> [v+] = [vi] + So [va 
k=1 j=1 k=)? k=q? 
q—1 
=) J(2j 41) q(m 4 1— q?) 
j=l 
i AN q(q + 1)(2q + 1) 


6 


after a few simple computations — which we invite you to do. Also, check 
that the particular formula matches with the general one by replacing 


m = n? in the late. Finally, you may wish to prove the (particular or 
general) formula by induction. 


H23. Let p and q be relatively prime odd natural numbers. Prove that 
p-1 gq—1 
A |k A |z — 1)(gq-1 
ESDA i )Y(a ) 
k1 LP =a i 


k=1 k=1 l=1 1<k< 27} 1<i<| #3 | IXk«5 1<1<*4 
D. 1 
g i —1 - 
IXIK$ <kc ISISI |i erekezz 
E 2j lp —1 p-1 —1 |» 
ad cu ka ie ES a al 
— E 1l = 1— 1 
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q—1i 


Ed qeu » | 


q 


2 2 
l=1 


as desired. We used the fact that, for natural numbers k and l we 
have k < p/2 if and only if k < (p — 1)/2, and l < q/2 if and only if 
| < (q — 1)/2 (because p and q are odd). We also used the fact that 
no kq/p with 1 € k < (p — 1)/2, and no lp/q with 1 < 1 € (q — 1)/2 
can be an integer, as p and q are relatively prime (actually this holds for 
1 Xk«pand 1< l< q respectively). 


One can figure out a geometric proof, too. Namely, consider in the zy- 
plane (with origin O) the points P(p/2,0), Q(0, 4/2) and R(p/2, 9/2). It 
| is easy to see that the number of points with integer coordinates (lattice 
points) that lie inside the rectangle OPRQ is (p — 1)(q — 1)/4. On 
the other hand, there are no lattice points on the diagonal OR of the 


rectangle, there are 
p—1 


xl] 
k=1 p 
lattice points inside the triangle OPR, and there are 


E 

i-i 4 

lattice points inside the triangle OQR. The conclusion follows by equat- 
ing the two expressions of the number of lattice points situated inside 
the rectangle OP RQ. Of course, we invite the reader to prove all these 
statements. Also, we invite you to prove (by using the first method) that 
the more general identity 


L2] 7 
Big eel 


holds for any positive and relatively prime integers p and q (not neces- 
sarily both odd), and any 1 € r « p. 
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H24. Let p be an odd prime. Prove that 


VIE (p—2)(p—-1)(p +1) 
D e aE Ai 


Solution. We have 


p-1l,,3 (p-1)/2 3 p — ky 
Lii & (als) 


by pairing the first term with the last, the second with the last but one, 
and so on. But 
(p — k)’ k? 


=p" — 3pk + E — = 


and if we use |x +n| = |x| +n (for any real number x and any integer 


n) and |x| + |-z| = —1 (for any x which is not an integer) we have 
3 pg 
= 3 2-7 = p^ — 3pk + 3k? — 1 
p p 


for every k = 1,2,...,(p — 1)/2. Thus our sum becomes 


- = (p-1)/2 (p-1)/2 
b |= am +3 DP 


k=1 


_ (p - 2» - 2p -1) 
1 ; 
H25. Let p be an odd prime and let f : Z} — R be a function such that 





k 
(i) A ) is not an integer, for k =1,2,...,p—1; 


(ii) f(k) + f(p — k) is an integer divisible by p, for k = 1,2,...,p — 1. 
Prove that 


=A E p 
ges | aes i 
pL 
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Solution. From (ii) it follows that c + DRE € Z and therefore 


(Ge) (een 


From (i) we obtain that LP. g Z an d fip — E) 7 — E ZLKe12u. p-—L 


Thus * i 
fl} {HEB} a 


Using the above results we get 
[20 He] —1, fork — 1,2,...,p— 1. 


Summing up yields 


SP) AE (CR) Qe 


It follows that 


S^ |/0)| IS ag, Po 
EU ere NL VE es 
ee 


The careful reader definitely recognized here a generalization of the 
previous problem (whose result follows from this one by considering 


f(n) =n’). 


H26. If p > 3 is a prime number and x, y, and z are integers such that 
ctyt+zandzxy+2z+ yz are both divisible by p, then x? + yP + z? and 
qPyP + PZP + yPzP are divisible by p^. 


Solution 1. First we observe that 
(t+ 1)? — (t? +1) = p(t? +t +1)Q(2), 


where Q is a polynomial with integer coefficients. 
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Indeed, we know that P(t) = (t-- 1)? — (t? -- 1) has all coefficients divisible 
by p, since they are the binomial coefficients G) lor 3 1,2... =, 


Moreover, if o is a zero of t? + t+ 1 (thus a third root of unity different 
from 1), we have o? +a+1=0 and o? = 1, consequently 


P(a) = (a+ 1? — (o? 4-1) = (-o?)? — o? — 1 = —(o? +a +1) — 0. 


(If p = 1 (mod 3), we have a? = o? and o? = o; if p = 2 (mod 3), we 
have a2? = a and a? = aĉ.) We infer that P(t)/p is a polynomial with 
integer coefficients divisible by t^ -- t -- 1, whence the conclusion follows. 


By using the above with z/y in place of t we get 

(x + y)? — (a? + y?) = p(z” + zy y^) R(z, y), 
where R(z,y) is a (homogeneous) polynomial with integer coefficients. 
Now we solve the problem. Because 

r-c-y-c-z (modp) and sy+2z+yz=0 (mod p), 

we get 

x’ + zy +y’ = (z +y) — sy = —z(£ + y) — zy 

= —(xy + rz + yz) =0 (mod p), 


hence the above equality shows that p^ divides (x + y)? — (x? + y?). But 
the same is true for (x + y)? + z?, because 


p-1 
(z-F y)? z? = (zy z) {> (zy) F(z) |, 
4=0 


and both factors from the right hand side are divisible by p. Indeed, we 
have —z = xz + y (mod p), thus 


p—1 p-1 
S (ety (-2) =) (zy e+e 
j=0 j-0 


= p(z4-y)* 20 (mod p). 
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Consequently 
zz = (Gy e 2P) — (ety) — GP y?) 


is divisible by p^, as claimed. 


On the other hand, note that the numbers zy, xz, and yz also fulfill the 
hypotheses: their sum ry + zz + yz and the sum of their two by two 
products 

ryrz + cyyz + rzyz = ryz(z + y + z) 


are also divisible by p. By what we already proved, (xy)? + (zz)? + (yz)? 
is divisible by p?, too, and thus we are done. 


Solution 2. Let Pj = x^ + y* + z^. Since x,y, z are the three roots of 
the polynomial 


(X —z)(X —y)(X - z) = X? — (£ +y 2) X* + (zy +yz  zx)X — zyz, 
we have 
z^ — (x +y + z)a^ + (xy +yz + zz)z" 7 — zyza^ = 0 
for k > 3 and similarly for y and z. Thus the P satisfy the recursion 
Py,-3, P =zr+y+z, P,-—(x-cy-cz)?—2(xy- yz zz), 
and 
PX = (£ + y + z)Pki-— (£y + yz + zz)Pk-2 + zyzPk-a 


for k > 3. From this recursion and the hypotheses an easy induction 
shows that 


k(z--y--z)(xryz)*-U/? (mod p?) if k=1 (mod 3) 
Py = < —k(xy + yz + za)(zyz)*-2/? (mod p?) if k=2 (mod 3). 
3(ryz)*/? (mod p?) if k=0 (mod 3) 
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In more detail, if k = 3m, then by the inductive hypothesis we see 
that p divides P34,,., and P34, 5 so p? divides (x + y + z)Pəm-1 and 
(zy + yz + zz)Pəm-2. Thus the recursion gives 
Pom = LYZP3m—3 = yz + 3(xyz)™ | = 3(zyz)" (mod p^). 
If k = 3m +1, then p° divides (zy + yz + zz) P341 and the recursion 
gives 
Psm+1 = (£ + y + Z)Psm + cyzP3m—2 
= 3(x + y + z)(xyz)™ + (3m —2)(x + y + z)(zyz)™ 
= (3m + 1)(x +y + z)(xyz)” (mod p°). 
The case k = 3m 4-2 is similar. In particular, since p > 3, we find that P, 
is in one of the first two cases and hence in either case P, = 0 (mod p°). 


The conclusion about the divisibility of the second sum with p? follows 
as in the first solution. 


Let p be an odd prime and let 





Oo. — : F f eoe : 
71 29.3.4 5.6.7 qalq - 1)(q - 2)' 
3p — 9 1 
where q — 3 7 Assume that — — 254 = = for some integers m 


and n. Prove that m = n(mod p). 


Solution. Let p = 2s + 1, so that we have q = 3s — 1, and the sum 
becomes 
g — 1 1 1 
195304 516-7 7 qtas- (a3) 
1 


$ 








4 (3k — D GE) Sk + 1) 
i ee ee 
Se 3k — 3k 3k+1 k 


3s+1 1 S 3s+1 
k=2 a k= ee 


k 


v || 


"mo i 
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H28. 








Consequently, 
15 1 3s+1 
= ie = Y i = 
e p k= mae 
and 
E $ 
n-m _ 1 "TN A = 4s 4- 2 
n P 2s+1-—j AET "m =r (2s+1—j)(2s+1+4+7) 
EI 
29N EE E 


e 0-3G-t3) 

Clearly, after getting the same denominator to the last sum, the factor 

p remains in the numerator (it cannot be cancelled, because the denom- 
S 


inator Ia LO — j)(p + j) does not have a factor of p), meaning that p is 
j=l 
a divisor of n — m, that is, m =n (mod p). 





Let n be a positive integer, and let 2" be the highest power of 2 dividing 
n. Prove that 2^" is the highest power of 2 dividing the numerator of 
1+ ge : Jesus : 
9 9 2n — 1 


when the sum is represented as a fraction in its lowest terms. 


Solution. Write n = 2"m where m is odd. Then the given sum can be 
split into a sum (over s = 0,...,m — 1) of m sums of the form 


or 
1 
S. = e , 
S ass 


We will first show that if we write such a sum 5; as a fraction in lowest 
terms, then S; = 27"a/b where a and b are odd. Replacing j by 2"+1—j 
in the sum above (that is, taking the terms in reverse order), we find 


or 


1 
S. = TER 
° FGF) HHI 
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Averaging these two expressions we get 
OF 


1 1 1 
8-5) (saci tec) 


j=l 

E e 2^ (2s + 1) 

FF rts + 2j - 1) ant (s + 1) — 2j +1) 
Factoring out 2" (2s -- 1), we see that it is enough to show that if we write 
oT 


1 
TSS D —————— t 
P 2. (2r*1s 2j — 1) (27H (s + 1) — 2j +1) 


as a fraction in lowest terms, then T, = 2"o'/t' where a’ and b' are odd. 
For each j = 1,...,2", there is a kj with 1 € kj < 2” such that 


(2j —1)(2k; 1) 21 (mod 2^!) 


Further as j varies 27 —1 runs over all the distinct odd congruence classes 
modulo 2"*1, hence the 2k; — 1 also runs over all distinct odd congruence 
classes modulo 2^*!. Hence the numbers k; are the numbers 1,2,...,2" 
in some order. The equation 


(2; —1)(2k; -1)=1 (mod 2"+!) 
implies that if we write 


1 


———— ————H— .— 1} 
(27+15 4+ 2j — 1)(2r*1(s +1) — 27 +1) eC xL) 


as a fraction in lowest terms, then the numerator will be a multiple of 
2rt!. Hence the same will be true of their sum, which is 


2r 
9r 92r+2 nc 
Ts + M (2k — 1)? = T; + Aan 


k=1 
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Thus we see that T, = 2"a'/b' where a’ and b' are odd, as desired. Since 
this means each S, = 27"a/b with a and b odd, and since we are adding 
an odd number m of such terms, the sum also has the form 27"a/b with 
a and b odd. 


lhis was proposed as problem E1408 in The American Mathematical 
Monthly by J.L. Selfridge. 


Let n > 2 be a positive integer, with divisors 1 = dy «do < -< dk =n. 
Prove that d4d3--dod34-- - --- dy. dy is always less than n?, and determine 
when it is a divisor of n?. 





Solution. If d,,d2,...,dz are all the positive divisors of n, then n/d, 
n/d»,...,n/dyj are the same divisors (in reverse order). 
Consequently, 
S = dydz + dada + - - - + dy_1dy = n? "ng : 
= Q12 + d203 k—1Qk = dus d dd. 








omi xt d H4 431 X . 
i di d2) do—di do d3/ da3— də 


because each difference d; — d;_; is at least 1. Or, alternatively, we can 
use the fact that, for positive integers di < do < --- < dy (not necessarily 
the divisors of some number) we have d; > i — which is easy to prove by 
induction, based on the same idea that if a and b are positive integers 
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with a < b, then a + 1 € b. So, we have 


9 = dido + dods +--+ + dy-idy 
did» doda di 1d 


Eu erae TE E 
ee NL C ug (k — 1)- k 


1 
=n? (1-4) <n’. 


For the second part, let us suppose that S divides n?, and let p be the 
least prime divisor of n. (Thus, actually, do = p.) If we have k = 2, 
then n = p (is a prime) and S = p = n divides p* = n?. So, the prime 
numbers are solutions to our problem. 





Otherwise, k > 3 and S is strictly greater than dj. 1dy = n^/p. It follows 
that p is also strictly greater than n^/S, which, by the first part of the 
problem, is greater than 1. However, we want S to be a divisor of n?, 
meaning that n*/S is also a divisor of n^. Thus we obtained a divisor 
of n? between 1 and p, its smallest prime divisor, which is impossible 
(hence that's impossible for S to divide n? in this case). 


It follows that S is à divisor of n? if and only if n is a prime. Thus the 
prime numbers are all the solutions to our problem — which was one of 
the questions asked in the International Mathematical Olympiad in the 
year 2002. 


Prove that 


B 


u(d) _@ 
S icd 


Solution. Remember that for an arithmetic function f and its summa- 
tion function F defined by 


n)- » | f(d) 


d|n 
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for all n > 1, we also have, by Mobius inversion formula, 


f(n) - 3r (7) 


d|n 


for every positive integer n. Also, for f being Euler's function $, we have 


F(n) — 5 ¢(d)=n 
d|n 
for every n > 1. Therefore, by Mobius inversion, 
n 
é(n) = > ua), 
d|n 


which gives the desired result after dividing by n. 


H31. Prove that 


X o(d)u (5) zn 


d|n 


Solution. This is Mobius inversion again. The function c is defined by 


a(n)= d 


d|n 


(the sum of divisors of n) for any positive integer n. That is, c is nothing 
else but the summation function of the function f(n) — n. Thus, by 
Mobius inversion, 


n= Cle (5) -Ze (5) «to 


d|n d|n 


The last equality holds because when d runs over all positive divisors of 
n, n/d does exactly the same thing (in reverse order). 
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I] quid) — 


d|n 


famed 


, tf nis not a power of a prime 


, if n=p*, with p prime. 


WS pe 


Solution. For n = 1 the result is clear. For n = p? we have, indeed, 


II da) — 140)94(p) —-pl 
d|p* 


For n = pi! ---p2*, with prime pj,...,ps and s > 2, all the factors of 
the products corresponding to divisors d — p> ets pes with at least one 
b; > 2 are 1, therefore the product becomes 


II dr’) = pi” 2: ‘ps (pipo) `- (psaips)(pypopa) + +++ 
d|n 


: (Ds—2Ds—1Ps) b: (ipa ps). 


(When we say (pip2)--- (ps—ips) we understand the product of all prod- 
ucts of two distinct factors chosen from p;,...,ps, and so on.) Since 
each p; occurs as a factor of (7-1) products of k distinct factors, we see 
that the exponent of each pj is 


s—1 s—1 s— 1 $—] 
= m esp ess — () 
(and it is important here that s — 1 > 1), we get the product equal to 1, 


as required to prove. 


H33. Let an be a sequence of integers that satisfies 


$a = 2" for all n > 1. 
d|n 


Prove that n | an for all n > 1. 
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Solution. By Mobius inversion formula we have 


an = p» u(d)23. 


d\n 


If n = p;'--- pz? is the factorization of the (arbitrary) positive integer 
n (with pi,...,ps prime numbers, and r,...,Ts positive integers), for 
proving n|a; it suffices to show that p;* divides a, for every 1 € i <n. 
Let p" be any of the factors p;' (we give up the index for the sake of 
simplicity of notation). Then we have n = p'm, with (m,p) = 1, and, 
by the definition of the Mobius function, the expression of an becomes 


a, - Y udi Y. a = Y ua)? e Y uod) 


d|m d|m, 1<b<r d|m dim 
= $5) (23 - 27) 2 V^ u(2) (27 2) 

d|m d|m 
" y u(d)9 "4 (gw 03 _ 1) . 

d|m 


If we prove that 
opi (20779 03 D 1) 


is divisible by p", the divisibility of an by p" will follow, and the problem 
will be solved. This is clear when p = 2, because 27^! > r for positive 
integer r and the first factor 22" ^m/À is therefore divisible by 2". For 
odd prime p, by Euler's theorem we have 


29-9 " — 29") =1 (mod p). 


Raising this congruence to the m/dth power gives 
0-9 77? 21 (mod p”), 


hence 
op a (20770703 " 1) 
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is divisible by p" (because the expression in parentheses is), as we in- 
tended to prove. The solution ends here. 


The problem was shortlisted for the International Mathematical Olym- 
piad in 1989. 


Prove that 





Solution. By the summation formula for a geometric series 





"E rm M |z| < 1, 
l-r 
we have 

x en SAS or) «x nuu 

rin) Aged) EG) 
oo S Fi (k+1)n oo oo 1 In 

- Ye (5) =X > en) 5) 

nel k=0 n=1 l=1 


Let p be a positive prime, and let r be a positive integer. Consider the 
positive integers n and m such that n > m > p" — p^! and the integers 
01,...,Qn. For any 0 <j € n denote by s; and t; the number of sums 
of the form ai, +++: + ai, with 1 < ty < +++ < ij < n which are, and, 
respectively, which are not divisible by p (thus so = 1, tg = 0). Prove 


that 7 
[om 3 cy (" i bs ss jr =0 (mod p^) 
= J 
j-—0 
and 


T 


Don (" es ^ s =) (ase 


= j 
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Solution. We start with the identity 


(zi dc Tm)" — ` (zi HeH Limi)" 
` l<Kii<-<im-1 Im 


+O D Gama 710m S af =0 


1K < <im-2 IM 1X2; €m 


for k < m and for any complex numbers 21,...,x4, (see Example 5.6 in 
the chapter Mathematical Induction). We replace here (21,...,%m) by 
all possible m-tuples selected from the given integer numbers a@j,..., Qn 
and sum all the equalities of this type in order to get 


p» (ai, +--+ -- ai, )" 


1X44«--:«ig <n 


n—m-4l 


1€ «Xia -i€n 


n —m--2 
+( 5 ) ` lante F ia ee 


1<ii <- <itm-2 íN 
if7—t k 
i indi e 2. $70 
1X31 «m 


We can write this in the more condensed form 


Y oy (" Eý " $3, o (ante ttin) = 0. 


j—0 J 1€i1« <im-j ín 


We choose here k = $(r) = p" — p^! < m, hence (by Fermat’s little 
theorem) every term (aj, +°- + ain x of the above sums is congruent 
either to 0, or to 1 modulo p”, depending on whether the sum aj, + 
c Qim; 18, or is not, divisible by p. (When p divides an integer x, p” 
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divides z^, since k = p^ — 5" 1 = p'^1(p-1) > 27 1(2-1) = 2" 1 > r.) 
Consequently, considering the last equality modulo p" yields 


Si ay" m 4 j 


j Ji =0 (mod p). 


2^ 
But this is the same as 
m : 
T=) (—1y P "Dus, =0 (mod p^) 
j-0 í 
because £9 = 0. 


For the first congruence we still have to see that, obviously, s; +t; = G) 
for every 0 < j < n, hence 


e Bes) 


i (3 Ycw(5)- 


thus, T = 0 (mod p) implies S = 0 (mod p), too. 


Note that the congruences still hold for m = p^ — p" ! if (p' — p" 1)! is 
divisible by p” (that is, if (r, m) 4 (1,p — 1) and (p,r, m) Æ (2,2,2), as 
one can see). In order to prove this it is enough to use the identity 


I 


7n — 


j=0 1X4i«--«ig-—;zm 


(again see Example 5.6 in the chapter Mathematical Induction), then 
proceed similarly to the proof above. The complete statement (with 
the case m = p” — p^! included) is problem 11391 from The Ameri- 
can Mathematical Monthly; Richard Stong gave a solution and a strong 
generalization in the issue from December 2010 of the same magazine. 
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H36. Evaluate 
(4), 12 (4 : 19. (4 à n 
1.2.3 \5 2:8345 3-4-5 \5 


Solution. Although it is not so evident, we have a possibility of tele- 
scoping this sum. Namely, 











eres icy 


-55 (m (n+1) $) - (n+1)( CEWITERT () Jesi ie 
( 


Indeed, in view of the (for us now well-known) formula 


MEE TENES -a 1 -grrr 
era 2 \n(n+1) (n4+1)(n4+2)/?’ 


we are entitled to assume that something like 


min o no a) 


would hold for some real number a. And it holds for a = 5, doesn’t it? 


Note that the following formulae hold for x € (—1, 1): 


n 


OO 
> = --m-s) 


n=1 


OO 


1 
=1+ 





ESN In(1 — x), 


n=1 


and 





oo 2 

1 1/1- 
bo seis E = In(1 — x). 
n(n+1)\(n+2) 4 22x 2 T 


n=1 
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(You can integrate twice with respect to x the first equality — which we 
saw in Chapter 6 - in order to obtain the second and the third.) If you 
properly combine the second and the third of these formulae, you obtain 
another solution to our problem. 


Nevertheless, with or without these identities, we are sure that the reader 
is now able to compute 


e (1— x)n E 

Lo (na2) 

for some given real number z € (—1, 1). 

Let a be a real number. Define the sequence (x4)n»1 recursively by 
£1 = l and £441 =a” -- nz, for n 2 1. 


Prove that 





n=1 


Solution. We can rewrite the recurrence relation as 


n 








Tn+1 " a Tn 
n! n! (n—1) 
and we easily iterate this to yield 
a^ n 
In+1 a 
iat ee 


which holds for all n > 0. Thus z441 = — where 


TL 


a 
Stt Tal 


tends to e^ as n — oo, as we know (basically this is the definition of the 
exponential with power series). Now 


en(a) =1+ 


4. ml _ €n-1(4) 
aa Tm 
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therefore 











: a^ \ = €n-1(a) eola) 1 
iama C een 


n=1 Tnl n=1 
for each positive integer N. Finally 


= a” , = a” , 1 1 
I] ]— = lim ]— = lim = —, 
Tn+1 N —oo inen Zn4-1 N —oo enla) e? 


n=1 











as required. 


H38. Evaluate 


Solution. In the solution to problem M36 we calculated 
Oori 
A (i+7+1)! 


This one is similar and also based on the formula (that we used there 
and which we invite you to remember) 





valid for any positive integer s > 2. Now we have 
Ye Se Doe SS 
i—l jal Cag 2) on \(i + 2) = (i+2+7)! 


= 1 1 
-2jü -1)642)i41 
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—- 1 = 1 : 1 m?-— 
-Dyp Lapses eae 
= (i+ 1)? a (4 4- 1)($ +2) 6 2 6 
We used again the well-known telescoping sum 
ANFORA gl aay E 


and the result of the Basel problem (problem M38) 





(you will be needing a slight modification of the formula that we used). 


H39. Prove that 


Solution. We use again the equation 


2n + 1 2n+1\ 4.4 an + 1 
n re (ae) — 
Cem Oe eae 


and its roots 





kr 
t? k —1.2.... 
CO 2n 4-1" 9 9 y 
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whose sum is, as we have seen in the solution of the Basel problem, 
n(2n — 1)/3. We can also compute the sum of products of these roots 
taken two by two, which is 








(^ + ) 

P ere in ee jn 5 _ n(2n—1)(n—1)(2n—3) 
E m 2n 4-1 2n 4-1 (^ + ) 30 

mE 1 


Therefore, the sum of the squares of these numbers is 
Scot! kr n(2n —1)\? 7 nn — 1)(n — 1)(2n — 3) 
2n 4- 3 30 


n(2n — 1) (4n? + 10n — 9) 
45 l 





Further one we can also compute 


= 1 k kr kr 
2. 4 | MELLE 
kr (cot 2n —- 1 acol 2n 4-1 1) 








k=1 siní k=1 
T1 
n(2n — 1)(4n* 4- 10n — 9) E 2n(2n — 1) i 8n(n + 1) (n^ +n 4- 3) 
E 45 3 7 45 
and one can use the same inequalities as before (changed just a little), 


namely 
oe z€ (0,5) 
r^ ` sin* a’ ^ 
to finally get 
n^ 2n(2n — 1)(4n? + 10n — 9) ba E 16n(n + 1)(n? +n + 3) 
90. (2n + 1)4 me i (2n + 1)4 
for all n > 1. Letting n — oo yields the desired result. 


This result was also proved for the first time by Euler. 
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H40. Evaluate 








Solution 1. We have 


k=1 


: 











pre 
he dx 


» (1 -—— —— dax 


k=1 


an 


i 
S—, d 
Me 


C~ 
I 
o 


In(1 + x? da 


' In (TI + 2) dx 


l=0 


| 
pm 
Ms 


~~ 
I 
o 


| 
om 


1 
= ln 


1 
: yar - | In(1 — z)dx 
=| 


1 — z) ln(1 — z) + z]; = 1. 
The infinite product is easy calculated from 





700 


1 m on+1 
(pg ec 


= 


1-2 


I 
o 


by passing to the limit for n — oo. Also the final evaluation needs the 
calculation of the limit of (1 — z)ln(1 — x) for x — 1, which is easily 
shown to be 0, by using l'Hópital's rule. 


Solution 2. We again interchange the order of summation, based on 
the absolute convergence of the series — but in a different way. Namely 


we have - 
M 1 1 eps 
Lune 
[—0 m-2 








Me 


eov 
I 
Im 
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where the inner sum is over those positive integers k for which there 
exists nonnegative integer l such that m = k2! + 1. Now, if m — 1 = Pg 
with nonnegative integer p and odd positive integer q, we see that l can 
be from 0 to p (for each such | the corresponding k is 2?—'q), and the 
above inner sum is 





1 1 1 M, | 1.1 
q 2P 2-1 2 | Wq m-l 
Thus the initial sum becomes 
OO 1)*- ] œ ET 
De laude 
m k2 — = fmm 1 


(and we finished our job with the same most often met telescoping sum). 


The problem was in the Putnam Competition in the year 2016. 
Let a1,85,...,0100 be nonnegative real numbers such that 

aj +a3 +: digo = 1. 
Prove that 


2 2 
102 + a$a3 +--+ +atpoa1 € — 


Solution. Let S be the sum from the left-hand side of the inequality. 
By the Cauchy-Schwarz inequality we have 


100 2 
(39)? = » x41 (a7 + 2m) 


k=1 
100 100 
«(x - PX ay, + 2m) 
k=1 


Please pay attention to the sums! We considered the indices modulo 100 
(that is, a101 = a4 and a102 = a2), hence we have 


100 100 


2 2 
2 kt = Dak — 
k=1 k=1 
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so the above inequality reads 


100 


(3S)? < S (aK + 2a%410%42)”. 
k=1 


We then have 


100 100 


2 2 4 2 2 29 

N (oi T 2ü&410k43)^ = S (ak + 40;,0%410K42 + 40%414%49) 
k=1 k=1 
100 


4 Qu o 2 2 2 
< S (ak + 20; (Qh41 + 0x42) + 4a) 110142) 
k=1 
100 
m 4 2.2 2 2 
= (ak + 6010; 1 + 20105. 12); 
kl 


where we used 2xy < x? + y? for any real numbers x and y, and 


100 100 


2 2 _ 2 2 
`  Ak41ak42 — ` prO 
k=1 k=1 


Now we clearly have 


100 100 2 
X (ak + 2akakyı + 2agaz41) < p 4) = = 


k=1 


and, also, 


100 


50 
2 Akai <4 Yd, 1 S aj 
j=1 
100 \? 
(3^ 
k=1 


IA 


50 50 
> | 2 X | 2 
Q» j ae Q» j 
j=l j=l 
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because 4ry < (x + y)? holds for real numbers x and y. 
Putting all these together we get 


100 
(39)? < X "(ag + 6azaz.,, + 2aza; ,2) 
k=1 
100 100 


= S (ak + 20504, 20505 ,1) + 3 4a Aj. L1 
k=1 k=1 
See Ic 
that is S < 2/3, as desired. 
H42. Let z,,...,2100 be nonnegative real numbers such that 


Ti X42 + X429 <1 for all à — 1,...,100 


(set £101 = 21,2102 = £2). Find the maximal possible value of the sum 


100 


= ) Titit- 
i=1 


Solution. We have, by hypothesis 


100 50 
) TjTiy2-— ) (22j—1*2j41 + T2jL2j+2) 
iei =i 

50 


< > ((1— 225 — 2541)2541 + tay (1 — 2j — £2541) 
j 


II 
E 


(1 — z2j — 22541) (x25 + 2241). 


| 
Me 


| 
Im 


J 


But zy < ((x + y)/2)? for every x,y € R, hence 


eee E 2 1 
E E TE We (a tmt ean -1 


332 Chapter 9. Solutions 


for every 7 = 1,2,...,50, and the sum S can be majorized as 
1 
S < = 
xr 


Moreover, the value 25/2 is indeed assumed by S if we choose, for exam- 
ple, 42;-1 = 1/2 and z2; = 0 for j = 1,2,...,50. That is, the required 
maximum is 25/2. 


H43. Prove that for any real numbers x1,22,...,24 and any nonnegative real 
numbers ri,T9,...,T& the inequality 


n 


> min(ri,r;)rir; > 0 
i,j—1 
holds. (The sum is over all pairs (i,j) with 1 «i X n and1X j € n.) 


Solution. Due to symmetry we can assume that rj < rg < --- < rq. 
Hence we can find nonnegative numbers 5; such that 


i 
=9 sk 
k=1 


(explicitly, s; = rı and sk = Tk — ry 1 for 1 < k < n). Thus we can 
write 


n min(ij) 


‘ min uana) Lili = I Tmin(i,j) i3 j = SkTiXj 


1,j=1 1,j=1 $j—-1l k=1 
n n n 2 
= YY vais =a (Soe 
k=1 i=k j=k k=1 i=k 
H44. Let aj, 61, a2, b2,..., An, bn be nonnegative real numbers. Prove that 


n n 
` min(a;ia,;, bib;) < » min(ajb;, ajbi). 
54-1 i, j=l 
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Solution. We will use the result of the previous problem for the numbers 


. max(ai, bi) | 


min(a;, bi) 
and 
zi = sgn(a; — bj) min(a;, bi) 


for 1 < i € n, with the observation that, if min(a;,b;) = 0, then for ri 
we can choose any nonnegative real number. Note that sgn(x) is —1,0, 
or 1 as x is negative, 0, or positive, respectively. We then have 


` min(a;b;, ajbi) x ` min(aja;, bib;) 


i,j=l1 i, j=l 
n 
= » (min(ajb;, ajbi) — min(a;ja;, bib;)) 
5j—l 
TL 
— ` Ticj min(ri,T;) > 0, 
ij=l 


according to the previous example. 


Of course, we still need to prove that 
min(a;b,, ajbi) = min(aja;, bib;) = Lit; min(ri, rj) 


for all i,j € {1,2,... n}. 

Note first that if we have min(a;, bi) = 0 or min(a;, bj) = 0 the equality 
holds since both sides are zero (and it doesn’t matter what we choose 
for r; or r; respectively). So we further assume that both min(a;, bj) and 
min(a;,5;) are nonzero, and we need to prove that 


min(ajb;, ajbi) — min(aja;, bib;) 
= sgn(a; — bi) min(a;, b;)sgn(a; — bj) min(a;, bj) 


"m (ad mou) -1). 


min(a;,b;) ^ ' min(a;,b;) 
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Note that if we interchange a; and bj, then both sides of this equation 
are multiplied by —1. Thus we may assume that a; > bj and similarly 
we may assume a; > b;. In this case the right hand side simplifies to 


l Qi Qj l a; a; 
bib; min (5 — ba. — — bibj (min (5) — 1) 


= min(a;b;, ajbi) = bib; = min(a;b,;, ajbi) = min(aja;, bib;), 
which is exactly what we wanted to prove. 
Some related inequalities and refinements of the last two examples can be 
found in the article On Some Elementary Inequalities by Titu Andreescu 


and Gabriel Dospinescu (see it in Mathematical Reflections: The First 
Two Years). 
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